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( i i ) 
PREPUCE 
The p r e s e n t t h e s i s i s an a t t e m p t to d i s c u s s and s o l v e 
some fundamenta l problems of c l a s s i c a l e l a s t i c i t y employing 
modern ma th ema t i ca l methods . The t h e s i s i s mainly concerned 
wi th p l a n e e l a s t i c sys t ems , w i t h i n t h e framework of t h e 
l i n e a r t h e o r y . For c l a r i t y t h e p l a n e s t r a i n case has been 
t r e a t e d s i n c e t h e p l a n e s t r e s s ca se can t h e n be deduced 
merely by a l t e r i n g t h e va lue of P o i s s o n ' s r a t i o of t h e 
m a t e r i a l . Although t h e n o t i o n of t e n s o r s i s used i n one ox 
two o c c a s i o n s to w r i t e down t h e g e n e r a l e q u a t i o n s of 
e q u i l i b r i u m , t e n s o r tneory does not form a p a r t of t h e 
subsequen t development . p rob lems a r e mainly d e a l t w i t h 
i n t e g r a l t r a n s f o r m s and complex v a r i a b l e t e c h n i q u e s . The 
p rob lems d i s c u s s e d a r e most ly two-d imens iona l as they occur 
i n n a t u r e very f r e q u e n t l y , b r i n g g r e a t s i m p l i f i c a t i o n s of 
c a l c u l a t i o n as compared t„ t h e g e n e r a l t h r e e - d i m e n s i o n a l 
p rob lems , and a r e of a p a r t i c u l a r i n t e r e s t from t h e p r a c t i c a l 
and t e c h n i c a l s t a n d p o i n t s . I n p a r t i c u l a r , t h e p l a n e punch 
and c rack problems have r e c e n t l y become t o p i c s of academic 
and p r a c t i c a l i n t e r e s t ; and some of them have been d i s c u s s e d 
i n the present t h e s i s . 
I am deeply indebted to Dr. Aq.eel Ahmed, f o r h i s 
s u p e r v i s i o n and h e l p in-foe preparat ion :>f t h i s t h e s i s and 
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CHAPTiK I 
INTRODUCTION 
I - 1 5RIKF HISTORY 
Though e l a s t i c i t y i s a f u n d a m e n t a l p r o p e r t y of a l l 
s u b s t a n c e s o c c u r i n g i n N a t u r e and h a s b e e n u n w i t t i n g l y u s e d 
s i n c e p r e h i s t o r i c t i m e s , t h e f o u n d a t i o n s of i t s m a t h e m a t i c a l 
t h e o r y w e r e l a i d a t t h e b e g i n n i n g of n i n e t e e n t h c e n t u r y by 
N a v i e r , Gauchy , P o i s s o n , C l a p e y r o n and o t h e r s . I n 185£ , 
Lame f o r m u l a t e d t h e t h e o r y of e l a s t i c i t y i n d i s p l a c e m e n t s 
i n h i s t r e a t i s e " L e c o n s su r l a t h e o r i e m a t h e m a t i q u e d t 
l ' e l a s t i c i t e d e s c o r p s s o l i d e s " w h i c h h a s become a 
c l a s s i c and h a s n o t l o s t i t s s i g n i f i c a n c e even t o d a y . The 
s i m i l a r f o r m u l a t i o n i n s t r e s s e s was f o r t h e f i r s t t i m e 
g i v e n by B e l t r a m i . 
I t was on ly t h e E n g l i s h a s t r o n o m e r A i r y [ 6 ] , [ 7 ] who 
g a v e t h e f i r s t f o r m u l a t i o n w i t h t h e a i d of a p o t e n t i a l 
f u n c t i o n f o r a p r o b l e m of t h e t h e o r y of e l a s t i c i t y . S i n c e 
f r o m p r a c t i c a l and t e c h n i c a l s t a n d p o i n t , t h e ' p l a n e c a s e 1 
i s much more s i m p l e i n c a l c u l a t i o n a s compared t o t h e 
g e n e r a l t h r e e - d i m e n s i o n a l c a s e , A i r y ' s r e s u l t s w e r e 
e x t r e m e l y u s e d i n t h e l a s t h u n d r e d y e a r s . Even t o d a y , 
w h a t e v e r t h e m a t h e m a t i c a l m e t h o d i s u s e d f o r t h e s o l u t i o n 
of t h e p r o b l e m , f u n d a m e n t a l l y i t r e d u c e s t o t h e d e t e r m i n a -
t i o n of some p o t e n t i a l f u n c t i o n o r f u n c t i o n s . n u m e r o u s 
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workers have employed this theory through different methods 
cUid a detailed oibliography may be found in [19] , [52] , 
[64] , [69] , [72] , [73] . 
1. 2 PLASE PKOELMS 
The plane problems of elasticity are generally sub-
divided into following three special groups. 
(a) Plane Strain. 
In this case the three components of strain tensor 
are equal to zero 
e = e = e = 0 , (1.2.1) 
zz zx yz y 
the other remaining components being different from zero 
and independent of the z_variahle. Examples of bodies 
subjected to a plane state of strain are heavy dams , 
supporting walls, tubes, tunnels, factory chimneys, vaults, 
long plates, rol ls for bridge supports, the half-space 
subjectPd to uniformly distributed loads in one direction 
(geotechnical problems), pressure tubes etc. . 
(b) Plane Stress. 
In a state of plane stress, the stress components 
t^ , £, , o~ a l l vanish, the remaining components 
being different from zero and independent of the z-coordi-
nate 
cr = Zs = Zs - 0 (1.2.2) 
z yz zx J 
This category of problems also includes a large variety 
of construction elements which are of great importance . 
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Exai.plet ''ic- detp beams used for s i l o s and s ing le and 
mul t i c e l l bun ie r s , deep beams without p a r a l l e l boundaries 
(gables for b r idges , haunciied beams, e t c . ) , h o r i z o n t a l or 
v e r t i c a l s t i f f e n i n g diaphragms for mean and t a l l bu i ld ings 
in seismic aroas , shor t c a n t i l e v e r s for r o l l i n g br idges , 
for corners , funct ion p l a t e s for m e t a l l i c s t r u c t u r e s , 
var ious mechanic p a r t s (hooks, connecting rods e t c . ) , 
cons t ruc t ion elements for sn ips , stiffening elements for 
a i r c r a f t wings e tc . . 
(c) Generalized Plane Str_ess> 
This i s the plane s t a t e of s t r e s s i n a th in p l a t e 
~ h _< z _< h when cr - 0 throughout the p l a t e , but , 
!X,_ = T^7r7 = 0 enly on the surface z = + h if th« p l a t e 
^z = 0 
(1.P.3) 
^xz = Zyz = ° a t z = ± h 
If the s t r e s s e s and s t r a i n s may also depend on 
z -coord ina te , then we have a s t a t e of s t r e s s varying 
p a r a b o l i c a l l y upon the p l a t e th ickness i n the case of 
p lane s t a t e of s t r e s s and l i n e a r l y alon& the g e n e r a t r i x 
i n the case of a plane s t a t e of s t r a i n . However, the 
case of a p lane s t a t e of s t r e s s may be obtained fo r a plane 
p l a t e whose th ickness tends to zero [ 4 2 ] . 
^11 xne above mentioned s t a t e s of problems l ead to 
"Lie same mathematical formulat ion. S t r e s s e s are given 
_y the fol lowing equations of equi l ibr ium : 
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0
 °'x 6 6 xv 
( 1 . 2 . 4 ) 
s i , a <r 
21
 + 1 + Y = 0 dx dy  1 u 
where X, Y a l e t h e components of body f o r c e s , o~ , o*"7 
x y 
t h e normal s t r e s s e s and "£ t h e s h e a r i n g s t r e s s . The 
xy 
r e l a t i o n s between l i n e a r s t r a i n s e , e and s h e a r i n g 
xx yy 
s t r a i n e and the d i s p l a c e m e n t s u , v a r e as follows". 
8u dv 
e
x x 8x ' e yy dy 
du dv 
e
xy = dy + dx 
( 1 . 2 . 5 ) 
'Hie s t r e s s - s t r a i n r e l a t i o n s 
1 e = i ( c- - i> cr ) 
xx E x yJ 
e yy = S ( < T y " " ° ^ C 1 - 8 - 6 ) 
xy u xy 
a r e v a l i d f o r p l a n e s t r e s s , where E i s t h e Young ' s 
modulus , i) t h e P o i s s o n ' s r a t i o n and \i , t h e r i g i d i t y 
modulus, i s g iven by 
E 
H = ( 1 . 2 . 7 ) 
2( 3*1? ) 
For p l a n e s t r a i n , r e l a t i o n s ( 1 , 2 . 6 ) a r e v a l i d i n which 
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E = K 
o ! . ^ 2 
(1 .2 .8) 
1 -1> 
Airy [6 ] , [7 ] has shown t h a t , i n absence of body fo r ce s , 
equat ions (1 .2 .4) are s a t i s f i e d i f we w r i t e 
cr = — i — , cr = ' - * 
x , 2 * y
 a 2 dy J d x 
7^ = • 
*y dxdy 
P (1 .2 .9) 
d / . 
w here ^ = ^ ( x , y ) i s an a r b i t r a r y func t ion . Maxwell 
[ 3 D ] , [37 j showed t h a t the deformation of the body must also 
be considered and in t roduced the s t r a i n cont inu i ty equation 
w r i t t e n i n s t r e s s e s under the form 
v ( c r x + cry) = 0 (1.2.10) 
2 
where V i s Lap lace ' s opera tor . Hence, the func t ion 
X (x,y) , known as A i r y ' s func t ion , must be biharmonic 
4 
V 7»(x, y) = 0. (1 .2 .11) 
The mechanical i n t e r p r e t a t i o n of A i r y ' s s t r e s s func t ion 




n o r m a l d e r i v a t i v e on t h e b o u n d a r y a r e t h e s h e a r i n g 
d n 
f o r c e T( w i t h s i g n changed) and t h e a x i a l f o r c e IT 
r e s p e c t i v e l y , i n a f i c t i t i o u s beam, w h i c h f o l l o w s t h e 
b o u n d a r y a n t i c l o c k w i s e l e a v i n g i t on t h e l e f t s i d e , 
p r o c e e d i n g f rom an a r b i t r a r y c h o s e n f i x e d p o i n t . 
I n t h r e e d i m e n s i o n a l e l a s t i c i t y t h e g e n e r a l s o l u t i o n 
of t h e e q u a t i o n s of e l a s t i c e q u i l i b r i u m c a n b e w r i t t e n 
down i n t e r m s of f o u r p o t e n t i a l f u n c t i o n s - t h e P a p k o v i t c h -
B o u s s i n e s q - N e u b e r s o l u t i o n . B u t , i n t h e p r e s e n t t h e s i s 
o n l y t h e p l a n e p r o b l e m s o r p r o b l e m s w i t h an a x i a l e l a s t i c 
symmetry h a v e b e e n c o n s i d e r e d . 
1 . 3 MEJfflODb OP SOLUTION FOR PLANE PROBLEMS 
As t l i e two - d i m e n s i o n a l e l a s t i c i t y p l a y s q u i t e an 
i m p o r t a n t r o l e f rom t h e m e c h a n i c a l s t a n d p o i n t , so many 
m e t h o d s of v a r y i n g t y p e s h a v e b e e n d e v e l o p e d . H e r e , we 
s h a l l d i s c u s s some of them a s t h e y a p p e a r more e l e g a n t 
and easy f rom p r a c t i c a l and c a l c u l a t i o n p o i n t s of v i e w . 
( a ) Complex v a r i a b l e m e t h o d . 
The m a j o r d e v e l o p m e n t of t h e p r e s e n t c e n t u r y i n 
t h e f i e l d of t w o - d i m e n s i o n a l e l a s t i c i t y h a s b e e n 
M u s k h e l i s h v i l i ' s [47 ] work on t h e c o m p l e x fo rm of t h e 
p l a n e e q u a t i o n s of e l a s t i c i t y , P r o c e e d i n g f rom t h e 
r e p r e s e n t a t i o n g i v e n by Love [31 ] f o r t h e c o m p o n e n t s of 
d i s p l a c e m e n t v e c t o r , K o l o s o v [ 2 5 ] , [ 2 6 ] g a v e a 
r e p r e s e n t a t i o n of t h e complex d i s p l a c e m e n t s and s t r e s s e s 
( i n a b s e n c e o i body f o r c e s ) of t h e f o r m ! 
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c r x + <ry = 4[ JZJ«(Z) + ^ T ^ J ] 
<ry- crx+ 2 i ^ x y = 4[ z 0«'(z) + r ( z ) ] (1.3.1; 
\x (u + i t ) •= K 0(z) - z jZJ« (z) - t ( z ) 
where z = x + iy ( th i s z should not be confused with the 
z ~ coordinates which i s completely absent in the 
discussion). And $(z) and -f' (z) are holomorphic functions 
of z, the prime denotes the derivative and bar on a 
quantity represents i t s complex conjugate and K i s defined 
by r e l a t ion (2 .1 .4) . Sett ing the boundary conditions, the 
three fundamental problems of the theory of e l a s t i c i t y can 
be reduced to problems of complex variable functions. 
Muskhelishvili [ 48 ] - [51] , together with ftis followers, 
made a remarkable contribution to the development of the 
subject in th i s direct ion. Apart from Muskhelishvil i 's 
t r e a t i s e [47] , these invest igat ions are presented in 
various books on e l a s t i c i t y , [20] , [64] , [69] . Later 
on, Stevenson [67] , [68] reiound independently the method 
of KolesoK and Muskhelishvili. Milne-Thomson solved many 
boundary-value problems in h i s monograph [40] , an original 
pr esent a t i on. 
^rnong the various tools of complex variable technique, 
the most powerful one i s the conf ormal mapping of the 
domain under consideration. The domain together with the 
exist ing load conditions e t c . , i s transformed into a 
region under conveniently changed conditions which renders 
the problem much simplified. The solution in the 
- 3 
t r ansf ormed s t a t e i s obtained, which a f te r the inverse 
conformal mapping becomes the so lu t ion to the given s t a t e 
of problem. As the t ransformat ion funct ion , power s e r i e s 
or Fourier s e r i e s under complex form as well as the 
r e p r e s e n t a t i o n on the i n t e r i o r ( f i n i t e domain) or ex te r io r 
( i n f i n i t e domain) of a c i r c l e or trie r e p r e s e n t a t i o n on a 
c i r c u l a r annu}_us (for doubly connected regions) are used. 
Almansi [ 9 ] , [ 10] was the f i r s t to use the mapping 
func t ion i n the form of polynomials. MarJ^ii [ 35] and 
LIilne—Thomson [40] have discussed the domains ac ted upon 
by concentra ted fo rce s . Muskhel ishvi l i has a lso given the 
method of so lu t ion of plane problems of e l a s t i c i t y us ing 
the p r o p e r t i e s of Cauchy-type i n t e g r a l s . The problem i s 
reduced to the problem of lineal" conjugat ion of the 
boundary-value problems known as l i e m a n n ' s problem or 
H i l b e r t ' s problem. 
(b) Keauction to i n t e g r a l equations^ 
Usin 6 the methoa of Cauchy-type i n t e g r a l s , the 
plane problems can be reducea to i n t e g r a l equat ions which, 
can be s e t unaer the form of Fredholm-type i n t e g r a l 
equat ions . In t h i s methoa the aomain i s conformally 
transformea on a c i r c l e and i s usefu l for s ingly-connected 
r eg ions . For mul t i -connectea r e g i o n s , Mikhlin [38] , [39] 
modifiea t h i s methoa u s ing complex Green func t ions wi th 
a l oga r i thmic s i n g u l a r i t y . For more genera l type of 
boundar ies , Muskhel ishvi l i [48] , [49] suggested i n t e g r a l 
equat ions , i n which the i n t e g r a l s were considered as 
StieJtjes i n t e g r a l s . Laurie e l l a [29] , [30] reduced the 
problem to i n t e g r a l equation with r ea l func t ions whereas 
s imi la r r educ t ion wi th complex func t ions was given by 
Sherman [56 ] , [57 ] . Sneddon [61 ] has solved var ious 
p o t e n t i a l problems a f t e r reducing them in to i n t e g r a l 
equat ions . A spec ia l problem of some i n t e r e s t i s the 
' c o n t a c t problem'. The problem can be reduced to the 
i n t e g r a t i o n of i n t e g r a l or i n t e g r o - d i f f e r e n t i a l equat ions . 
Problems of r i g i d punch ( r ec tangu la r , c i r c u l a r , pa rabo l i c 
e t c . ) on an e l a s t i c ha l f -p l ane come i n t h i s category and 
for t h i s , one many consul t monographs by Gal i n [18 ] and 
Shteerman [58 ]. 
( c) I n t e g r a l transform technique. 
The i n t e g r a l transform technique has become the 
modern method to solve the plane problems i n e l a s t i c i t y , 
hydrodynamics, e l e c t r o s t a t i c s e t c . . The major-
con t r i bu t i on towards the development of the subject i n 
t h i s d i r e c t i o n i s due to Sneddon [ 59] , [60] and h i s 
coworkers [32] - [ 34] , [45 ] , [ 46 ] , [62] , [70] , [ 71 ] , 
[ 7 6 ] . Especial ly the crack problems i n e l a s t i c i t y have 
been very conveniently solved by the i n t e g r a l transform 
method. Crack problems were o r i g i n a t e d near ly f i f t y years 
ago i n the c l a s s i c a l works of I n g l i s [24] and G r i f f i t h 
[ 2 2 ] , [ 2 3 ] and they became the subjec t of academic 
i n t e r e s t t i l l da te . Experimental i n v e s t i g a t i o n s , however, 
l e d to the knowledge t h a t a t high or low temperatures , 
cracks are propagated i n commonly used s t r u c t u r a l 
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m a t e r i a l s . These problems have, t h e r e f o r e , become t h e 
growing p a r t of s o l i d mechanics i n r e c e n t y e a r s and 
c o n s i d e r a b l e i n t e r e s t h a s been devoted to t h e problem of 
c a l c u l a t i n g t h e s t r e s s e s i n i n f i n i t e , s e m i - i n f i n i t e s o l i d s , 
t h i c k s l a b s , i n f i n i t e c y l i n d e r s e t c . , c o n t a i n i n g c r a c k s . 
An a d e q u a t e r e f e r e n c e t o t h e s e works a r e g iven i n t h e 
monograph of Sneddon and lowengrub [ 63 ] . 
Among t h e commonly u s e d t r a n s f o r m s a r e F o u r i e r 
t r a n s f o r m , L a p l a c e t r a n s f o r m , 1,1 e l i n t r a n s f o r m , Hankel 
t r a n s f o r m e t c . . However, t h e F o u r i e r t r a n s f o r m h a s found 
t h e e x t e n s i v e a p p l i c a t i o n i n t h e c l a s s i c a l p l a n e problems 
of e l a s t i c i t y . The o n e - d i m e n s i o n a l F o u r i e r t r a n s f o r m of 
a f u n c t i o n f (x ,y ) i s g i v e n by 
F(x , O = 2±- f f ( x , y ) e dy ( 1 . 3 . 2 , 
Talking t h e F o u r i e r t r a n s f o r m of (1.?. . 11) we g e t [ 6 0 ] '. 




& = / M x , y ) e dy ( 1 . 3 . 4 ) 
—oo 
The g e n e r a l s o l u t i o n of ( 1 . 3 . 3 ) i s 
-\K\ x | £ | x 
G = (A + Bx) e + (C+ Dx) e ( 1 . 3 . 5 ) 
where t h e unknown c o n s t a n t s A, B, C and D a r e f u n c t i o n s 
of £ . The s t r e s s components a r e [ 6 0 ] '. 
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1 r°° 2 " ± i y 
x^ = ~ it * « G e d* 
—oo 
-, °° -,2 - i r y 
°"v = 2T~ f I e ^ ( 1 . 3 . 6 ) 
y
 ^ -oo dr. 
S i m i l a r l y , t he d i s p l a c e m e n t s a r e found o u t . 
(d) Pir_gc t _ m e th o d. 
Sen [ 5 4 ] , [ 5 5 ] i n d e p e n d e n t l y developed a d i r e c t 
method which i s q u i t e d i f f e r e n t from t h a t of M u s k h e l i s h v i l i 
and o t h e r s . He employed t h e method t o s o l v e s e v e r a l 
problems i n a very s imple and d i r e c t way. H i s method 
i n v o l v e s t h e s e l e c t i o n of a s u i t a b l e form of t h e complex 
p o t e n t i a l c o n t a i n i n g c e r t a i n unknown c o n s t a n t s . These 
c o n s t a n t s a r e u l t i m a t e l y found by s a t i s f y i n g t h e boundary 
c o n d i t i o n s . L a t e r on v a r i o u s worke r s adop ted h i s method 
t o s o l v e a v a r i e t y of p l a n e problems [43 ] , [ 53 ] . 
(e) F i n i t e d i f f e r e n c e method. 
This i s a n o t h e r powerful method i n which 
r e c t a n g u l a r , t r i a n g u l a r and hexagona l n e t s can be u sed . 
U s u a l l y p a r a b o l i c a r c s a r e employed f o r a p p r o x i m a t i n g t h e 
n e t c u r v i l i n e a r s i d e s . The problem r e d u c e s to t h e 
s o l v i n g of a f i n i t e system of l i n e a r a l g e b r a i c e q u a t i o n s . 
Fo r more a c c u r a t e r e s u l t s , h i g h deg ree p a r a b o l i c 
a r c s may be u s e d . I n t h e c a s t of f o u r t h - d e g r e e p a r a b o l i c 
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a r c s , Dubas [14 ] has given a s u i t a b l e method for solving 
t h e problem in two s t ages , us ing for each of these s tages 
a second degree parabola . One of the most modern aspects 
of the i t e r a t i o n methods used for solving the systems of 
l i n e a r equations mentioned above i s given by Southwel l ' s 
[65] r e l a x a t i o n method. Later on Fox [16] , [17 ] appl ied 
t h i s method to plane problems i n e l a s t i c i t y . 
(f) Other methods. 
Calculus of v a r i a t i o n has recen t ly found i t s 
remarkable app l i ca t ion to plane problems of e l a s t i c i t y . 
Besides the methods mentioned above, t he re a re numerous 
other methods. The most modern technique i s the use of 
e l e c t r o n i c computers, for performing var ious in t e rmed ia te 
computations ( e . g . , so lv ing of systems of l inear - a lgebra ic 
equat ions which in te rvene i n the method of networks, i n 
the method of s e t t i n g the boundary condi t ions "by po in t s 
e t c . ) or for accomplishing a programme according to 
c e r t a i n algorithm of c a l c u l a t i o n . 
S t i l l another method i s to determine the s t r e s s e s 
experimentally on a model. Wieghardt [74] observed the 
analogy between the biharmonic equat ion s a t i s f i e d by 
A i r y ' s funct ion and the equation of p lane t h i n p l a t e s , 
subjected to bending, i n the absence of a l o a d normal to 
the middle p lane. The deformed middle surface of the 
t h i n p l a t e , f r ee of load , but subject to c e r t a i n 
deformations on the boundary, w i l l g ive the A i r y ' s func t ion 
T6(x,y). The normal s t r e s s w i l l be p ropor t iona l to the 
- 1 3 
c u r v a t u r e of t h i s s u r f a c e and t h e t a n g e n t i a l s t r e s s w i l l 
be p r o p o r t i o n a l t o t h e g e o d e s i c t o r s i o n . 
The m o s t w i d e s p r e a d e x p e r i m e n t a l m e t h o d i s , h o w e v e r , 
t h e p h o t o e l a s t i c o n e , b a s e d on m o d e l s made of a s p e c i a l 
m a t e r i a l o p t i c a l l y s e n s i t i v e , t r a n s l u c e n t and i n o t r o p i c . 
The m a t e r i a l of t h e body b e c o m e s , u n d e r t h e a c t i o n of 
e x t e r n a l l o a d s , o p t i c a l l y a n i so T r o p i c and e n j o y s t h e 
p r o p e r t y of p o l a r i z i n g t h e l i g h t . 
1 . 4 . RECENT DEVELOPMENTS AND ABSTRACT 0 1 THE THESIS 
D e v e l o p i n g t h e t e c h n i q u e of c o m p l e x v a r i a b l e , M i l n e -
Thomson ^40) h a s s o l v e d d i f f e r e n t p l a n e p r o b l e m s . B e c e n t l , 
Ahmed [ 2 ] h a s employed t h i s me thod t o s o l v e t h e f i r s t 
f u n d a m e n t a l p r o b l e m of a c o n f o c a l e l l i p t i c r i n g u n d e r .a l l 
r o u n d u n i f o r m t e n s i o n . F o l l o w i n g t h e m e t h o d s t a t e d a b o v e , 
t h e p r o b l e m of a p l a t e i n t h e fo rm of P a s c a l ' s l i m ^ c o n 
u n d e r two e q u a l c o n c e n t r a t e d f o r c e s a t t h e e n d s of i t s 
a x i s h a s b e e n s o l v e d i n C h a p t e r I I . A n o t h e r p r o b l e m 
d i s c u s s e d i n t h e same c h a p t e r i s t h a t of an e c c e n t r i c 
a n n u l u s u n d e r t h e a c t i o n of two c o n c e n t r a t e d f o r c e s a t 
p o i n t s w h e r e t h e a n n u l u s h a s t h e maximum and minimum 
t h i c k n e s s . 
The d i f f e r e n c e b e t w e e n t h e s e two p r o b l e m s i s t h a t 
i n t h e f i r s t p r o b l e m t h e unknown c o n s t a n t s i n t h e c o m p l e x 
p o t e n t i a l h a v e b e e n d e t e r m i n e d f rom t h e c o n d i t i o n t h a t 
t h e s o l u t i o n s h o u l d be f i n i t e a t t h e c e n t r e ( o r i g i n ) , 
w h e r e a s i n t h e s e c o n d p r o b l e m t h e y a r e o b t a i n e d by m a k i n g 
t h e s o l u t i o n a n a l y t i c a l l y c o n t i n u o u s a c r o s s t h e two 
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boundaries of the annulus. Cases in which the plate i s 
circular or i s in the form of a cardioid are obtained as 
special cases of f i r s t problem. Stresses are found out 
and the variat ions of s t r e s s - in tens i ty factor in both 
the problems have been shown graphically. For further 
applicat ion of the method one may consult [3] - [5] . 
In Chapter-III, the direct method developed by Sen 
[55] has been employed to find s t resses in an i n f i n i t e 
plate having (i) a hypotrochoidal hole under uniform 
pressure, and, ( i i ) a parabolic crack under prescribed 
pressure. Sen's [55] solution for an approximate square 
hole with rounded corners has been found as a special 
case of the solution for the hypotrochoidal hole. Gases 
of c i rcular hole, e l l i p t i c hole and Griff i th crack in an 
i n f i n i t e p la te have also been obtained as par t icu lar 
cases. Stresses have been found out and the graphical 
representat ion of the variat ions of s t r e s s - in t ens i ty 
factor in different cases have been given. In the case 
of parabolic crack, the variat ion of the sum of normal 
s t resses are studied graphical ly. For further l i t e r a t u r e 
one may refer to [41] . 
In Chapter-IV, we have adopted the in tegra l transform 
techniques to solve the problems of (i) opening a crack 
of prescribed shape in an i n i t i a l l y s t ressed body, and, 
( i i ) an i n f i n i t e p la te haveing a pair of Griff i th cracks. 
Proceeding from 3iot ' s [LI] - [13] mechanics for 
incremental deformation, Kurashige [27 ] developed the 
theory for i n i t i a l l y s t ressed neo-Hookean so l ids . He 
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has discussed the influences of an i n i t i a l s t r ess on the 
d i s t r ibu t ion of incremental s t resses in the neighbourhood 
of a circular crack with in ternal pressure. Later on, he 
found the influences of c - i n i t i a l f i n i t e deformation on 
tiie d i s t r ibu t ion of incremental s t resses in the neighbour-
hood of a two-dimensional crack with in ternal pressure [28]. 
The method has been extended to solve the problem of 
opening a Griff i th crack of prescribed shape in an 
i n i t i a l l y stressed body. Cases of parabolic and e l l i p t i c 
cracks have been obtained as par t i cu la r ones, and the 
d i s t r ibu t ion of normal s t r e s s along the crack edge has 
been studied graphically. The case of non- in i t i a l ly 
s t ressed solid considered by Sneddon [60] has been found 
as a special one. 
'The other problem in Chapter-IV v iz . , a pa i r of 
Gr i f f i th cracks in an i n f i n i t e p la te has been solved 
using Courier transform method. The problem has been 
reduced to t r i p l e in tegra l equations and then solved by 
' f i n i t e Hilber t transform technique' . Expressions for 
s t r e s ses have been found out and the var ia t ion of normal 
s t r e s s along the l i n e of cracks has been studied 
graphical ly. 
In Chapter-V, we have discussed some punch and crack 
problems. F i r s t ly , the general method developed by 
England and Green p.5] has been applied to a specif ic 
problem of a semi-infini te plane punched by an i n f i n i t e 
row of parabolic punches. Variation of normal s t r e s s 
has been studied graphically. Secondly, the theory 
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mentioned above for i so t ropic bodies has been extended 
to the opening of a Griff i th crack in an 'o r thot ropic ' 
e l as t i c medium. I t has been found that along the ci ack 
surface the r e su l t s obtained are ident ica l to those for 
i so t ropic bodies. Distr ibution of normal s t ress along 
the crack edge has been given in a graph. Lastly, an 
axi symmetric mixed boundary value problem has been solved. 
Integral representat ion of the solution has been obtained. 
Stress under a typical punch has been studied under 
various conditions. 
Towards the end, after concluding and discussing the 
scope for further invest igat ion, we have given a complete 
bibliography of research publications and books which 
have been referred in the thes i s . 
CHAPTER I I 
COMPLEX VARIABLE TECHNIQUES 
2 , 1 Bas ic equat ions^. 
I n t h e f o r e g o i n g c h a p t e r u s e h a s been made of 
t e c h n i q u e s of f u n c t i o n s of a complex v a r i a b l e . The method 
h a s been g i v e n by Kolosov [ 2 5 ] and l a t e r on deve loped by 
M u s k h e l i s h v i l i [47 J , Milne-Thomson [ 4 0 ] , S t evenson 
[ 6 7 ] , [ 6 8 ] , and o t h e r s . I t h a s been employed to s o l v e 
th-- f i r s t fundamental p l a n e problems of a t h i n p l a t e i n 
t h e form of ( i ) a P a s c a l ' s l imacon and ( i i ) an e c c e n t r i c 
a n n u l u s , both unde r c o n c e n t r a t e d f o r c e s . 
The p l a t e h a s been assumed to be t h i n , homogeneous, 
i s o t r o p i c and, a d o p t i n g F i l o n ' s n o t i o n , i n t h e s t a t e of 
' g e n e r a l i z e d p l a n e s t r e s s ' . I n t h i s ca se t h e a c t u a l 
s t r e s s e s and d i s p l a c e m e n t s a r e r e p l a c e d by a v e r a g e s ' taken 
t h r o u g h o u t **fcke t h i c k n e s s of t h e m a t e r i a l of t h e p l a t e . 
Taking t h e midd le p l a n e of tfee t h i n p l a t e of t h i c k n e s s 
2h a s x y - p l a n e , we have <T = 0 th roughout"" the p l a t e 
b u t T- = T- = 0 on t h e s u r f a c e s z = + h of 
xz y z -" 
t h e p l a t e . Hencefor th s i n c e t h e d i s c u s s i o n , w i l l n o t 
i n v o l v e t h e z - c o o r d i n a t e , t h e r e shou ld n o t b e any 
con fus ion r e g a r d i n g t h e complex v a r i a b l e z = x + i y . 
In absence of any body f o r c e s , r o t a t i o n s and d i s l o c a t i o n s , 
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the equations s a t i s f i e d by the components of average 
s t r e s s e s ( <r , <7 , z, ) and aver 
x y xy 
(u, v) a re given by [40] as follows '. 
cr J  age displacements 
°"x+ °~y = Wo ( z) + ^ z ) (2 .1 .1) 
<ry ' < r x + 2±X^ = z WJU) + wQ(z) (2 .1 .2) 
4 jm(u+iv) = K / W o ( z ) d 2 - z ^ ( z ) - / w o ( z ) d z (2 .1 .3) 
where \i i s the modulus of r i g i d i t y , and W (z) and w (z) 
a re given by 20 ' (z) = \lc(z), 2 -y (z) = w ( z ) . The 
e l a s t i c constant K i s given i n terms of P o i s s o n ' s r a t i o 
i? by the r e l a t i o n s ! 
K = (3 - i> ) / (1 + J ) fo r genera l i zed p lane 
s t r e s s (2 .1 .4) 
K = 3 - 4 x? for plane deformation 
Two-dimensional problems of p l a t e s having ho l e s (or those 
of discs) of c u r v i l i n e a r boundaries can be t ack led very 
conveniently if t h e i r boundaries are conformally 
transformed i n t o a c i r c l e . Let the c u r v i l i n e a r boundary 
C i n t he z-plane D e mapped on-the c i r c l e P , ( £ \ » a 
i n t h e t, - p lane by the t ransformat ion 
£+in ^o 
z = m (^ ) , <^ = e , a = e ( 2 . 1 . 5 ) 
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I he complex s t r e s s e s V* ( C, ) arid w(<£ ) axe g iven as 
WQ(z) = W0 [m(£ ) ] = ¥rf( C ) 
( 2 . 1 . 6 ) 
w o ( z ) = w 0 [ m ^ ) ] = w ^ ) 
The s t r e s s e s cry , at. , "C-. and d i sp l acemen t u , v 
( i n t h e z -p lane ) a r e g iven by [ 4 0 ] a s f o l l o w s * 
£
 m(g ) 
2( (T + i -C ) = W( C, )+W( 5 ) - W ( £ ) 
$ m ' (C ) 
S m«(£ ) 
$ m ( 5 ) 
w(C ) ( 2 . 1 . 7 ) 
2( a" - i r• ) = W(? )+ lwU ) + W«(S ) 
11
 ^ $ m ' ( c ) 
^ m ' U ) 
and, 
<r"m'($) 
+ w ( $ ) (2 .1 .8) 
4 n §^(u+i v) = [ KW( $ ) " W( $ )] i $ m« ( £ ) + 
+ [m( ? ) W«(S )+ m ' ( ^ )w(C ) ] i ^ ( 2 . 1 . 9 ) 
L e t cr he a p o i n t on t h e c i r c l e » of r a d i u s a = e 
and t h e boundary va lue of t h e s t r e s s CT + i ^-y.^ he 
g i v e n by 
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ov + i ^v^ = ~ p ( o ~ ) + i - S ( ~ ) on r (L.1.10) 
where p( c r) i s trie pressure and s(cr) i s the shear- . 
Then from 2.1.7 we have 
m»( *)Vf( S) + m'( S )W( C) - ~ m( ^ )W ( 5 ) - — m1 ( S )w( ?) 
= 2( o~K + i Z ) m « ( $ ) (2.1.11) 
Following Mine-Thomson [40] , we apply to (2.1.11) the 
general continuation theorem for the c i rc le to give 
l f 2[-p(cr)+i s(o-) ]m'(<r) 
a ' ( C)W(C ) = — ~ cb d<r + f{ £) 
2rci J c r - £ 
r 
(2.1.12) 
with the continuation obtained by writing zero for 
cr + i Z and (a2 / I ) for ? in (2.1.11), 
2 2 — 2 
m' ( T)W( <; ) = - m« ( C )W(-a-)+ ^ ~ m( $ )W« (-^-) 
2 — _2 2 
( Cin E) (2.1.13) 
where L and R denote respectively the regions inside and 
outside the circle P . Irom (2.1.13), by writing £ for 
2 ? ~~ 
(a / <£ ) and (a / £ ) for <; and taking the complex 
conjugate, we have 
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m' ( C )w( n = %~ m* ( £)l vV( C )+ W( £ - ) ] -
- m(-^-) W'(C ) , ( C i n L ) (2.1.14) 
The func t ion y ( C ) in (2.1.12) must be continuous across 
T and i t s form can be adopted from the condi t ions ! 
( i ) The funct ion w( <, ) must be holomorphic i n L. 
( i i ) I f L conta ins the po in t °° , the s t r e s s e s a t 
i n f i n i t y must have given va lues , 
( i i i ) The so lu t ion must be n o n - d i s l o c a t i o n a l . 
However, we can dispense with the func t ion w(£ ) 
expressing s t r e s s e s i n terms of Vv (£ ) and i t s con t inua t ion 
i n R. Taking complex conjugate of (2.1.13) and then 
e l imina t ing w(<£ ) from (2 .1 .7) and ( 2 . 1 . 8 ) , we ge t 
2S m«(s ) ( o-+i r ) = ? E ' ( ?)w( <:)" ^ ' ( 4 - ) w ( i r ) + 
+ p , ( 5 ) - ~ m ' ( ~ ) ] W ( 0 -
- [ m(j ) - m( - i - ) ] S W'(S ) (2 .1 .15) 
2 U ' ( f ) ( ^ - i V ) = * m* < s )w< * )+ r ^ ' ( -^-)w(-=-) -t 7) •"• T £ - t S * 
+ [Cm«(? ) - ^ m ' ( - t - ) ] W ( S ) + 
+ f n ( $ ) - m ( ~ ) l $ flf(C) (2 .1 .16) 
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The 'displacement components (u, v)', i n a s imi lar manlier, 
a re given by 
4 u- |r:(u+iv) = i K S m ' ( J)W(? )+ [ I m' (-4-) - U ' ( ( ) ] i w ( T ) 
° ' ' £ ? > J 
+ J - n * I ) i W(-4r-)+ [m( ? ) - m ( - f - ) ] i $ i 7 ! ? ! 
(2.1.17) 
We s h a l l use equat ions (2.1.15) T (2.1.17) to obta in the 
components of s t r e s s and s t r a i n . 
2. 2 P l a t e i n the_ f orm of Pascal , ' s l ima con •under 
concentra ted forces.**" 
The boundary of a t h i n , homogeneous, i s o t r o p i c p l a t e 
i n the form of P a s c a l ' s l im acon i s assumed to be under 
the ac t ion of two s tandard concentra ted loads ]P and - F 
a t the ends of i t s a x i s . 
The t ransformat ion funct ion 
2 
z = m(£ ) = c(£ + k f ) (2 .2 .1) 
(c>0, 0<k<l/2, z = r e i e , C - £+±r] ) 
maps the boundary C of the limacon in the z-plane onto 
a u n i t c i r c l e V i n the C -p lane . The reg ions i n s i d e 
and ou t s ide G, denoted "by L, and R-,, a re mapped onto 
these i n s i d e and ou t s ide T » denoted by L and Ir-
r e s p e c t i v e l y [ f i g . 1 ] . 
The content of t h i s a r t i c l e has been publ ished i n 
D e f . S c i U . vol . 29(3) (1979) 141-146. 
-*3 
2 -plane 
Fig.1 Transformation of Limacon into Circle. 
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The ant ic lockwise sense of desc r ip t ion of C has been 
taken as p o s i t i v e . Afo C i s described in z"plane in the 
p o s i t i v e sense, T i s a lso described in the same sense 
i n £ -plane. Erom ( 2 . 2 . 1 ) , the parametr ic equations 
of the boundary C of the limacon axe given as : 
x = c( cos 7] + k cos 27] ) 
(2 .2 .2) 
y = c( s in T) -f k s in 27) ) 
where the parameter 7) i s the v e c t o r i a l angle of any 
poin t on T . Po in t s A and B on the contour C correspond 
to n = 0 and T) = n. Let the d i s t ances c(l+k) and 
c ( l - k) of A and B from o r ig in be denoted by ' a ' and ' b ' 
r e s p e c t i v e l y . The whole boundary C of the limacon i s 
unloaded except the two p o i n t s A and B where s tandard 
concentra ted fo rces F and ~ F act to keep the p l a t e 
i n equi l ibr ium. In i n f i n i t e l y small neighbourhood of 
these po in t s the s t r e s s e s are unbounded. This being i n 
a very small reg ion near these p o i n t s , we think these 
f o r c e s to be applied as d i s t r i b u t i o n of s t r e s s over small 
a reas around A and B ins t ead of being concentra ted a t 
these p o i n t s . 
Let 6 be i n f i n i t e s m a l and we take points A-., Ag ; 
B, , Bp on t h e l i m a c o n g i v e n "by 
Z. = a ( l - i G ) , Z. = a ( l + iG) 
A l A 2 
( 2 . 2 . 3 ) 
Zj> = - b ( l - i e ) , Z^ = - b ( l + iG) 
n. 2 
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The standard concentrated fo rces F w i l l be obtained as 
the l i m i t when G — 0 of a uniform s t r e s s d i s t r i b u t i o n 
given as 
f P/ (2a G) on arc A1AAg 
- p( 0~) + i s (cr) = i ( 2 . 2 . 4 
F/(2b G) on arc.B^BBg , 
The form of if ( S ) i n (2.1.12) i s obtained by consider ing 
the s i n g u l a r i t i e s of m'(C )W( T ) i n K. Since It conta ins 
2 
the po in t °°, and m( £ ) = c( $ + k £ ) has a pole of 
order two a t £ = «>, i t follows t h a t m1 ( f )W( <T ) w i l l 
have a pole the re of order one a t most. Hence, we can 
w r i t e 
y ( £ ) - A3 + B 3 ^ (2 .2 .5) 
where A~ and B_ are unknown cons tan t s . The equation 




=^2* *9*??1*' + 
7 1 1
 B^BBg 2 b G ° " - <T 3 3 
( C i n L or B) (2 .2 .6) 
which then reduces to 
- 2 6 
m ' ( < )"•/(£ ) - — [ ?k( a- - cr ) + ( l + 2 k ^ ) x 
A2 A l 2-naGi 
> l n { ( crA - £ ) / ( ° i - f ) } ] + Pc 
2-rcbGi 
[ 2k ( <r - cr• ) + 
J 2 n 
+ ( l + 2 k £ ) l n { ( c r - £ ) / ( cr. -$) } ] ( 2 . 2 . 7 ) 
^ 2 ^ 1 
S i n c e , on t h e c o n t o u r C, dz = i £ a on g o i n g f rom A t o Ac 
and dz = - i e b on g o i n g f rom B t o B g t h u s t o t h e f i r s t 
o r d e r of e we h a v e 
i e a d cr = = f - . ( e ) , s a y , on g o i n g f rom °>=1 "to "^A 
c ( l + 2 k ) -1 A ?-
and - d cr = iGb 
c ( l + 2 k ) 
f (e ) , s a y , on g o i n g from 
< r = - i t o °~ B B, 
T h e r e f o r e , we h a v e 
cT„ 
'
A l = X ' f l ( G ^ » °A = 1 + f l ( G) " 
} ( 2 . 2 . 8 ) 
cr % = - i + f 2 ( e ) , c r ^ = - ! - f 2 ( e ) j 
E q u a t i o n ( 2 . 2 . 6 ) , u s i n g t h e l o g a r i t h m i c s e r i e s i n t h e 
f o r m l n ( l + n 6 ) = n £ , r e d u c e s t o 
c ( l + 2kC )W(< ) = 2F 1 
* 1 - r 2 
A ^ B 3 < . ( 2 . 2 . 9 ) 
The unknown c o n s t a n t s A^ and B„, w i l l be f o u n d u s i n g 
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t h e h o l o m o r p h y c o n d i t i o n of t h e f u n c t i o n w( £ ) g i v e n 
by ( 2 . 1 . 1 4 ) . Sy L a u r e n t ' s s e r i e s e x p a n s i o n , t h e f u n c t i o n 
w ( £ ) c a n be e x p r e s s e d a s 
D* Dp D-, 
c w ( £ ) = — | + - g + - ± + g ( £ ) ( 2 . 2 . 1 0 ) 
w h e r e 
D 3 = 2k ^ + B 3 + 4k F / * 
D 2 = 2 ( 1 - 3 k 2 ) A 3 - k B 3 + 2 ( l - 6 k 2 ) I / * ( 2 . 2 . 1 1 ) 
D-L = 4k ( 3 k 2 - l ) A 3 + 2 k 2 B 3 + 4 k ( 6 k 2 - 1) P / n 
and g ( < ) i s h o l o m o r p h i c i n L . S i n c e w( £ ) i s t o be 
h o l o m o r p h i c i n L , we m u s t h a v e 
D x = D 2 = D 3 = 0 ( 2 . 2 . 1 2 ) 
E q u a t i o n s ( 2 . 2 . 1 2 ) fo rm a s y s t e m of t h r e e s i m u l t a n e o u s 
e q u a t i o n s i n two unknown q u a n t i t i e s A~ and B„ . The 
e q u a t i o n s a r e c o n s i s t e n t s i n c e t h e d e t e r m i n a n t of t h e 
c o e f f i c i e n t s of A„ and B„ v a n i s h e s . S o l v i n g ( 2 . 2 . 1 2 ) 
v/e g e t 
P 4 k 2 - 1 
A 3 "n ^ 2 _ ± 
B 
( 2 . 2 . 1 3 ) 
2k 
3
 * 2 k 2 - 1 
S i n c e t h e boundary i s u n l o a d e d e x c e p t a t p o i n t s A and B, 
e q u a t i o n ( 2 . 2 . 9 ) g i v e s W ( £ ) f o r i n L or E . 
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P a r t i c u l a r cases . 
( i ) For k = 0, the limacon becomes a c i r c l e , 
and the so lu t ion agrees with the known 
r e s u l t s for a c i r c u l a r p l a t e . 
( i i ) For k = / 2 , the limacon of Pascal reduces 
to a ca rd io id . In t h i s case though 
m'(C ) = 0 a t = - 1, no con t r ad i c t i on 
with the genera l theory a r i s e s since i n 
the case of the card io id the boundary has 
a cusp [ 47 p 175.1 
Expressions for S t r e s s e s . 
Expressions fo r components of s t r e s s <r , <j-
and T f are given from equations (2.1.15) and ( 2 . 1 . 1 6 ) . 
tf%Hf- cr = 4P £ 7) %c g-jgg (l+2ke^cos7] - e
2
^cos£7i- 2ke3£cos37)) + 
+ Tr-f (l+£:ke^*cosn) + o--^(e^cos7]+2ke2^ ) (2.2.14) 
^TT "^!r~Z~ r 1 + 2 k e ^ c o s ^ ~ e^cosgT]- Ske^cosSn) +-
I] l»Cg-|t>p L 
+ (l+2ke^cosT]) (e3^-cos2n) + (l+2ke^) (1+e2^) (l-e2^cos2T]) + 
+ 2k(e3^+e^+e^)sin7] s i n 2 i > 2 ( k e 3 ^ + e E ^ - l - k ? ) * 
/.(cosD-Se^cosTj+e^cosSr]) cosr)- — ( k e % e ^ - e * - k e ^ ) x 
s l 
x ( l - e^cos2T] + 2ke^cosT]-2k e ^cos 3n) COST] -V-
- 2 ( e ^- l ) ( s in7)+2e ^ s in r ) - e4^ s i n 37))-
- | ^ ( e 2 > - 1) (2k sin7]~ e^ s i n 27]- 2k e2^ s i n 37]) l + 
s l J 
A 
+ g ~ - [2 ( l+e 2 S) + 2k e ^ C ^ e 4 ^ + e2^ + 1) COST] -
- — — e ^ d c e ^ + e 3 5 - e*- k) (l-+-2ke^cosr]) COST) -g l 
- J | _ ( e 2 S - l ) s i n 2 7 ) ] + « ^ | ~ [ 2 k e 3 ^ ( 2 e ^ + e*+ 1)-+ 
+ ( k e 5 £ + e 4 ^ + e 3 £ - e ^ + e ^ - k e ^ + l ) e3^cos7] -
J r ^ k e 3 ^ + e 2 ^ - 1 - ke^) (2ke^+cos7])cos7] + 
s l 
+ J ^ ( e 2 ^ - l )s in27] ] (2.2.15) 
6 1 
f2ke^sin7]- e<:i>sin2T)- 2ke3^sin37]-sin27] * £0 ncg1g2 '-
x (l+2ke^COST])+ 2ke^ (e 2^+sin27])sin7H-(l+e 2^) s i n 27) + 
+ 2k(e 3 ^+e^) COST) sin27)- 2k(e^+e 3 ^) ( l -e 2^cos2T)) sinT) -i 
+ 2 ( k e 3 ^ + e 2 £ - l - k e ^ ) ( s i n r ) + 2 e ^
 s i n r ) - e 4 * s i n 37)) sinj] + 
+ — (2ke^s in r ) - e ^ s i n 27]- 2ke3^ s i n 3T)) -\-
g l 
+ 2 ( e ^ - l ) (COST)- 2e * cos7)+ e * cos 37]) sinT] -+-
+ ~ ( 1 - e ^ c o s 2TH- 2ke ' cos7] - 2ke 3^ cos 37)) J-* 
s l 
-3 0 
A o 2 
+ - r ~ [ 2 k e 3 S ( e 2 * * - 1) s i n n + % - ( k e 3 ^ + e ^ - 1 - k e ^ ) s in 2 7] -
C f e l s l 
S l 
( e ^ - e £ ) ( l + 2 k e ^ cosT)) sin?} J
 + 
B 5
 r ( 2r , . - g r . 2k/ , 3£ 2£ -rN . 2^ 
+
 2cg"~ [ ^ e 1 ) « ^ s inT) - g - ( k e ^ + e s - i - k e s ) s x n T)-
- ( e ^ - e ^ ) s i n r } + - ^ ( e 2 * - l ) ( 2 k e ^ - sinT)) s inr j ] ( 2 . 2 . 1 6 ) 
w h e r e g-, = l+4ke^cos7} + 4k e s 
( 2 . 2 . 1 7 ) 
and g g = 1 - 2 e 2 ^ c o s 2p + e ^ 
Howeve r , t h e e x p r e s s i o n s f o r s t r e s s e s on t h e b o u n d a r y 
5 = 0 a r e g i v e n a s f o l l o w s '. 
Fg .cosec 2 7} 2A~ 2B„ 
° l + % = '
 TCCg5- + ^ ( l + 2 k o o s n ) + ^ ( 2 k + c o s r ] ) 
( 2 . 2 . 1 8 ) 
2 
P c o s e c 7)
 r p -. 
^"n = ^ — gyt+ 2 s i n T)(3*-4k+2kcosT)) + 6ks inr ] s i n 2r) U-
2A, B 
+ ^0-+ 2 k c o s n ) + « T V " ( 8 » - 3 c o s n ) ( 2 . 2 . 1 9 ) 
and 
2 kP c o s e c 7) 
X C r ) = 2* e g , [s inT7(8in2n+cos27])-h 
* (g + 2k s inT) - s in2T) - 2 k s i n 3 7 ] ) / g 3 ] ( 2 . 2 .2C) 
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w h e r e , 
g = 1 + 4k cos?] + 4k 
o 
f ( 2 . 2 . 2 1 ) 
g 4 = 1 + 2k COST)- c o s 2T)- 2k c o s 37} 
S t r e s s e s on t h e boundary7 of a p l a t e i n t h e form of a 
c i r c l e and a c a r d i o i d c a n b e o b t a i n e d a s p a r t i c u l a r c a s e s 
on p u t t i n g k = 0 and k = 1 / 2 r e s p e c t i v e l y i n e q u a t i o n s 
( 2 . 2 . 1 4 ) - ( 2 . 2 . 2 1 ) . 
S t r e s s - i n t e n s i t y f a c t o r . 
The d i s t r i b u t i o n of s t r e s s - i n t e n s i t y f a c t o r 
S = ( CT ) f o r some p a r t i c u l a r v a l u e s of k a r e 
71
 £=o 
s t u d i e d . 
( i ) For k = 1 / 2 , t h e s t r e s s - i n t e n s i t y f a c t o r S 
i s g i v e n a s ! 
•a 1+cosT)- cos2r}+ C O S 3 T ) - 2COST) COS2T) 
S l = "h [ F . 2 . ? 2 ) 
1+ cos-T)- COS2-TJ- COST} cos2T] 
The d i s t r i b u t i o n of S, i s g i v e n i n t h e f o l l o w i n g 
t a b l e I 
T a b l e - 1 . 
ll) i n d e g r e e s | 20 J 40 £ 60 $ 80 flOO $120 $140 $ 160 
if 
-IOUCCJT 1 ) J 5 . 1 6 4 5 . 6 7 4 6 . 6 7 $ 8 . 5 2 J l 2 . 1 o | 2 0 . O o j 4 2 . 7 o J l 6 5 . 8 0 
T t 1 I 
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( i i ) For k = 1/4, the s t r e s s - i n t e n s i t y fac tor S ? i s 
given as follows ! 
,,.,
 r2+7cos)7-2cos27}+7c )s37)-14cosr7cos2T], 
S2= ~ T I H (?.2.S3) 
1 0 L
 5+ 4cos7}~ 5cos27)- 4 C O S 7 ] C « 2n 
T a b l e - 2 
si pn J 77 i n d e g r e e s * 2 0 * 4 0 * 6 0 * 8 0 0 100 T T120J1 40 * 160 
-100*c(-/) {1 3 .0 |1 4 > 
=S^(say) 
1*16.3*20.1*26.5 $38.1*59.0* 92 .1 
I 
Graphical r e p r e s e n t a t i o n of the v a r i a t i o n s of &4 and 
So i s given i n f i g . 2 . 
Discuss ions . 
Prom equations (2.2.18) and (2.2.19) we come to the 
fol lowing conclusions '. 
( i ) Equation (2.2.18) shows t h a t S., i s inde te rmina te 
a t 77 = 0° and 7) = 180° where the concentra ted 
fo r ce s F ac t . The l i m i t i n g values of S* as 
7) - 0° and 7) - 180° are 0 .5 and i n f i n i t e . At 
7) = 180°, the card io id has a cusp and the phys i ca l 
i m p o s s i b i l i t y of i n f i n i t e s t r e s s t he re i s r e so lved 
by p l a s t i c y i e ld ing of the m a t e r i a l i n the small 
neighbourhood of t h i s po in t . 
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Fig.2 Variation of stress-intensity factor. 
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(ii) Equation (2.2.19) shows that S? i s indeterminate 
at 7) = 0° and T) = 180°. The limiting Values of 
S£ as n - 0° and r, - 180° are 0.127 and 1.14 
respectively. 
2. 3 Eccentric annulus under concentrated fo r Ces. 
In this section the same method used in the previous 
one has been employed to the case of a homogeneous 
isotropic, elastic plate in the form of an eccentric 
annulus. The plate is in equilibrium under the action 
of two standard concentrated forces i1 and - F applied 
to the outer boundary at points where i t has the maximum 
and minimum thickness (fig.3). The difference between 
this and the previous problem is that in the case of 
eccentric annulus, the complex potential functions have 
to be analytically continuous across the inner and outer 
boundaries of the annulus. 
The eccentric annulus is given by the circumferences 
Cl '• Z ~ %!_ a n d cp • "*£ = £? ^2 > ^ l ) i n t h e c 0 a x a l 
net : 
z = m(<; ) = c + - ^ - (c > 0) (2.3,1) 
C - i 
The transformation function (2.3.1) maps the eccentric 
circles CL and Q0 in the z-plane onto concentric 
circles P, and Tg of radii p( = e ) and 
r 
a(= e ) , a > £, respectively in the <T-plane, thus 
the annulus being turned inside out [40 pi69 ] . 
-3S' 
Z-plane 5-pl ane 
Fig.3 Transformations of eccentric into concentric annulus. t 
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Prom ( 2 . 3 . 1 ) we have 
( x - c co th O 2 + y2 = c 2 cosec h2£ 
x + (y+c co t 7)) = c cosec 7] 
(2.3.2) 
From equat ion- ( 2 . 1 . 1 2 ) we g e t 
*•( ow(n = A-1 2ni 
2 [ - p ( < r ) 4 - i s ( o - ) ]m' ( or) 
dcr -t-
+ - i - <^> -J: d dtr + t C ) 
i 
( 2 . 3 . 3 ) 
2ni 
The form of t h e unknown f u n c t i o n -f ( <T ) , c o n s i d e r i n g 
t h e s i n g u l a r i t i e s of mf ( £ )W( £ ) , can be w r i t t e n a s 
t ( ? ) = A0 
B. 
? r 
( 2 . 3 . 4 ) 
Unknown c o n s t a n t s A , B and C w i l l be o b t a i n e d by 
c o n s i d e r i n g t h e a n a l y t i c c o n t i n u a t i o n of t h e complex 
p o t e n t i a l f u n c t i o n w( £ ) a c r o s s ^ and Cg g i v i n g t h e 
11
 compatibility identity M 
2
 Q 2 
a B a" a B~ 8 - a . 3 
„
2 2 
a _ a 
p 2 (J2 - P 2 a 2 _ 
£ — g 3 T ( _ t _ ) W ( _ _ ) - — 3 m' ( — ) W ( — ) ( 2 . 3 . 5) 
S o l u t i o n of t h e problem. 
The p l a t e i s i n e q u i l i b r i u m unde r t h e a c t i o n of 
c o n c e n t r a t e d f o r c e s 3? a t A(a-,, o) and - I? a t B(ag, o) 
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Thus we h a v e 
p + 1 
J 
p - 1 
a 2 - c 
P " X 
p + 1 
a± = o , = ( 2 . 3 . 6 ) 
The s e c o n d i n t e g r a l i n ( 2 . 3 . 3 ) v a n i s h e s i d e n t i c a l l y a s 
t h e r e i s no a p p l i e d f o r c e on
 ? . S t a n d a r d f o r c e s ¥ 
a t A and • I a t B w i l l b e o b t a i n e d a s t h e l i m i t when 
6-. —. 0, Gp — 0 of a u n i f o r m s t r e s s d i s t r i b u t i o n : 
2 ^ 0 v e r a X C \ ^ Z 
- p ( c r ) + i s ( ( T ) = <; -1 -1 ( 2 . 3 . 7 ) 
o v e r a r c Bn3B f 
2 a 2 G 2 -1 2 
The f i r s t i n t e g r a l on F o c u r r i n g i n e q u a t i o n ( 2 . 3 . 3 ) 
i s d e n o t e d by I . Thus we h a v e , 
1
 = P ^ - 7 . . *(*)**-+ £*-/__ f((T)dcr 2ici/
 AA
 v
 ' "*" 2ui, 





= I 1 + I g ( s a y ) ( 2 . 3 . 8 ) 
2 F - p ( c r ) + i s ( c r ) - j m v ( c r ) 
w h e r e f ( <T) = ~ - ( 2 . 3 . 9 ) 
0~ - £ 
Prom ( 2 . 3 . 8 ) , we h a v e 




 x i = " S a V - E - 7 T — 2 l n ( °"- 1) + 
o-; A< 
1
 + L _ m ( « r - C ) ] 2 ( 2 . 3 . 1 0 ) 
( < r - l ) ( a - - i ) (C-l)2 J c rA1 
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2c 
Not ing t h a t , dz = —
 0 dC , we have a t t h e p o i n t 
( £ - 1 ) 2 
A on r 
i G. a ( p - l ) 2 
d cr = ±—± 
2c 
Thus we g e t , 
2 
i e , a ( p - 1) 
% BP 53 J 
i G-, a ( p - l ) 2 r 
^ = P + Sc j 
( 2 . 3 . 1 1 ) 
^ ! a c e e q u a t i o n ( 2 . 3 . 1 0 ) , a f t e r some s i m p l i f i c a t i o n and 
making e - 0 , r e d u c e s to 
I , = | [ - - ? - - ^ - + J — s ] ( 2 . 3 . 1 2 ) 
1
 " ( 5 - l ) 2 £ - 1 ( ^ ~ l ) 2 ( p - C ) 
To e v a l u a t e I p , we h a v e 
i a e P ( p + l ) 2 
(T_ = - p
 + •••
 z 2
 ^ — 
B ~ P ^ 2c , 
2
 ? V ( 2 . 3 . 1 3 ) 
i a 2 e 2 ( p + i ) g 
p __ 
cr„ = -
S u b s t i t u t i n g t h e v a l u e s of ^ and ^ from ( 2 . 3 . 1 3 ) 
B l *2 
i n t h e e x p r e s s i o n f o r I g and l e t t i n g Gg"*°» w e S'e_t 
x p = « [ ~ T" p + + ~? J U.3.1<±; 
2
 * U - l ) 2 $ - 1 ( £ - l ) * ( p + f ) 
-y-j 
rlence, from e q u a t i o n ( 2 . 5 . 3 ) we have 
2M 3 0 
m' ( r)Vv ( C ) = p 5 + JL + ~r- + ° 
n(^2-,2) ° 5 C2 
( C i n L or R or E g ) ( 2 . 3.15) 
Us ing t h e " c o m p a t i b i l i t y i d e n t i t y " ( 2 . 3 . 5 ) , we f i n d 
A0 = 4F (p 2 + 1) / (TI a 4 3) 
Bo = - 8F(2a 2 f3 2 - a 2 - p 2 ) ( p 2 + l ) / (it a 4 (3) ( 2 . 3 . 1 6 ) 
0 o = - 4P j3(p2 + 1) / a 4 
Thus, ty(£ ) be ing comple te ly de t e rmined from ( 2 . 3 . 1 5 ) , 
s t r e s s components c r , cr and 't- and d i s p l a c e m e n t 
components (u, v) can be c a l c u l a t e d from e q u a t i o n s 
( 2 . 1 . 1 4 ) - ( 2 . 1 . 1 6 ) . 
S t r e s s e s on t h e boundary 
As t h e boundary "l i s un loaded excep t a t t h e p o i n t s 
A and B, we must have 
cr = o = T* on nj_ ( 2 . 3 . 1 7 ) 
As a check to t h e s o l u t i o n , 07 and ^rri have been 
c a l c u l a t e d and found to s a t i s f y e q u a t i o n ( 2 . 3 . 1 7 ) . The 
o t h e r component cr~ on * , i s g i v e n by 
°r = L •*- M c o s n - N cos it). (r) ^ 0 or TI) ( 2 . 3 . 1 6 ) 
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where 
L = - [ P ( l - p 2 ) / U c p)]-U 0 -2B o+C o ) /c , 
M = [2 A 0 p 2 - (p 2 + l )B 0 + 2 Co ] / (c p) 
and N = (A0 p 4 + C0) / (c p 2 ) . 
(2 .3 .19) 
Numerical r e s u l t s . 
On tiie boundary r s t r e s s component cr i s 
ca l cu la t ed for a = 5 and p = 4, 3, 2 and i t s values 
a re l i s t e d as under '. 
( i ) a = 5, p = 4 
A = - 0.0087 P, B = -13.143 P, C = "3.463 I' 
§ cf = 0.36 cos 2T) + 54 COST)- 21.62 (2.3.20) 
( i j - ) a =...5>. £...= g. 
A = -0.00 68 F, B = -5.65 P, C = -1.528 P 
o * o o 
I cr_ = 0.231 cos 27] + 17.77 COST) - 8.92 (2 .3 .21) 
( i i i ) a = 5, p = 2 
A0 = -0.0051 P, BQ = -1.742 P, Co= - 0 .51 P 
§ CT = 0.148 cos 2T)+3.825 cosT) - 2.49 (2.3.22) 
Values of s t r e s s - i n t e n s i t y f ac to r — cr f o r these values 
of a and p a re given i n the fol lowing t a b l e and i t s 





Fig.4 Variation of stress-intensity factor. 
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Discuss ions . 
Prom the numerical r e s u l t s we come to the following 
conclusions '. 
(i) The s t r e s s - i n t e n s i t y funct ion for each value of 
p i s l a r g e s t (nam e r i c a l ly ) where the th ickness 
i s minimum. 
( i i ) As p - 1+0, the rad ius of the outer boundary 
of the eccen t r i c annulus becomes very l a r g e . 
In t h i s case the s t r e s s - i n t e n s i t y f ac to r becomes 
smaller as compared to i t s va lues when £ i s 
c lose to a . 
( i i i ) As p — a» the e c c e n t r i c annulus becomes c rescen t 
shaped and i n t h i s case the s t r e s s - i n t e n s i t y 
factor becomes very l a r g e . 
-4-T 
T, / ^ ~"m£ \ 
x = R(e"» cos 7] + c e * cos m n) \ 
I (3.1.10) 




 = E 2 L e 2 C + 2c -(m-l)C COB(nH.1)f)+020-an5 -, 
I(3.1.11) 
Vve assume 0 to be given by, [55] : 
~m ~m 
G = B [ 1 - R e \(C+mc ? ) / ( C - mc £ )}] (3.1.12) 
where B i s an unknown constant and Re denotes the 
real part. The second condition of (3.1.9) with the 
help of (3.1.11) and (3.1.12) gives 
G/h2 = - 4BR4 m(m+l) (l+mc2) c sin(m+l)T), at £=0 
(3.1.13) 
Vie notice that G i s the imaginary part of the 
function 
F+iG = 4ffi*m(nH-l)(l+mc )(5+m c £ ) / ( 5 -me C ) (3.1.14) 
The function Q obtained from (3.1.14) sat isf ies (3.1.13). 
Hence, we have, 
-4-8 
G/h2 = - 4BR4m(m+l)(l+mc2)c b^'1^sin(m+l)T] (3.1.15) 
and, 
F /h 2 = 4BR4(l+mc2) [ e2?4-m(m-l) c e ^ ^ ^ c o s C m t - l ) ! ) -
- m3 c 2 e2^ ] (3 .1.16) 
The f i r s t condi t ion of (3 .1 .9) then g ives 
B = - 2P (3 .1 .7) 
The constant B "being determined, F, G and G are 
known and the problem i s completely solved. For m = 3, 
the boundary £ = 0 becomes an approximate square with 
rounded corners . Thus Sen ' s [ 5 5 ] so lu t i on for an 
i n f i n i t e p l a t e having an approximate square ho le can be 
obtained as a spec i a l case on pu t t i ng m = 3 . 
Expressionsfor s t r e s s e s 
S t r e s s components <r , or and ^ r T ) are determined 
from (3 ,1 .6) - (3 .1 .6) i n the following forms *. 
^-./P = [mN2-HK-2LT-2L(m]S2+HI,I)/T-(l+mc2)M ] / T2 (3 .1 .13) 
o~ 
<
" _ o r m - o r / ^ .TJ* - . UH.T\ /m . t-\ , - „ A M 1/ •T*" 1/P = [HK^H^-2LT-2L(mN*+HM)/T+(l+mc )M ] / 0T (3 .1 .19) 
^ r /P = N [K+mH*.2L(r.l-mH)/T-m(l+mc2) ] / T2 (3 .1 .20) 
where, 
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H = e 2 - - (m- l ) c e ( j I i_1^cos(iiH-l)T]- mc2 e2m? 
K = a A V 2 1 ^ - m(m-l)c e ^ - ^ c o s O w - D n 
L = m2c2e"2m--iac e ^ " 1 ^ cos(m+l)77 
K (3.1.21) 
N = (m+l)c e ^ " 1 ^ sin(m+l)7), 
and T = e 2 ^ - 2mc i ^ ' ^ ^ c o s C m + l ) 7) + m 2 c 2 e ' 2 m ? ^ 
The s t r e s s - i n t e n s i t y f ac to r i s g iven by 
S(m, c) = [cr ] 11 (3 .1 .22) C=o 
P a r t i c u l a r cases 
( i ) C i rcu la r ho le 
When c = 0, the ho le i s a c i r c l e . The s t r e s s -
i n t e n s i t y f ac to r i s given by 
S(m, 0) = P (3.1.23) 
As a check to the so lu t ion , s t r e s s components 0~v and: 
Z. have been ca l cu l a t ed from equat ions(3 .1 .18) and 
(3.1.20) and found to s a t i s f y the boundary condi t ions 
( 3 . 1 . 9 ) . 
-50 
( i i ) E l l i p t i c hole 
Mhen m = 1, the boundary £ = 0 corresponds 
to an e l l i p t i c hole of semi-major axis R ( l + c) and 
semi -minor axis B (1 - c) i n the z-plane. Corresponding 
express ions for s t r e s s components on the boundary £ = 0 
can be obtained by pu t t ing i = 1 in equation (3.1.18) -
( 3 . 1 . 2 0 ) . 
The s t r e s s - i n t e n s i t y f ac to r S ( l , c) i s given by 
S ( l , c ) / P = [ 2 c 2 ( l - c 2 - 2 s in 2 27]) - 2 c ( c - cos27]),x 
x ( l - 2c cos 27)+c ) -2c (c -cos 27}) X 
2 
x{4c2 s i n 2 27}+(l-c2) } / ( 1 - 2c cos 27] + c2) -t 
2 
+ ( 1 - c4) ] / ( 1 - 2c cos 2T]+c2) (3.1.24) 
The expressions for s t r e s s - i n t e n s i t y f a c t o r for c=0.25, 
0 .4 , 0 .5 are l i s t e d as follows ; 
* 
S ( l , 0 . 2 5 ) = P(13 + 8 cos 27))/(l7 - 8 cos 27]) 
S ( l , 0 . 4 ) = P(13 + 20cos 27])/(29- 20cos 27]) (3 .1 .25) 
S ( l , 0 . 5 ) = P ( l + 4cos 27])/(5- 4cos 27]) 
Var ia t ions of S ( l , c) for c = 0 .25 , 0.5 are given 





Fig. 5 Variation of stress-intensity factor. 
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( i i i ) Griff i th crack 
If, in addition to m = 1, we take c = 1, the 
e l l i p t i c hole degenerates into a Griffith crack of length 
2R. The stress-components cr and cr on the boundary 
£ = 0 become indeterminate at T) = 0 or 71 = 180 , 
i . e . , at the t ips of the crack. For values of 7) other 
than 0° or 180°, we have 
cr = - p = a-^ (3.1.26) 
3.2 I n f i n i t e plate with a parabolic crack underprescribed 
pressure. 
Several problems of p la tes with l inear and penny -
shaped cracks under- different boundary conditions have 
been solved by using Fourier transform, Hankel transform 
e t c . , [60]?[62]j[63] . In the present section, the 
method discussed in the previous section has been used 
to find s t resses in an i n f i n i t e p la te with a parabolic 
crack under the action of prescribed pressure. The problem 
has been reduced to an equivalent problem of half-plane 
and then solved by using Fourier transform technique. 
We have considered the small deformation of a 
homogeneous, i so t rop ic , e l a s t i c i n f i n i t e p la te with a 
parabolic crack. Let the region 3 occupied by the 
body be the ent i re z-plane cut along a parabolic arc 
L symmetrical about the vertex. 
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The t ransformat ion funct ion 
z = i ( $ - i a) (a > o) (3 .2 .1) 
where z = x + i y , C = r% + i'T)» transforms S i n t o S' 
i n the C~ plane, the pa rabo l i c crack L i n the z~plane 
i n t o Gr i f f i t h crack i n the C ~ plane along the raal axis 
T) = C. Prom (3.2 .1) we get 
x = - 2^(7) - a) 
y = 5 2 - (T) - a ) 2 
( 3 . 2 . 2 ) 
which are-the par ameteric equations(£ "being the parameter) 
of the confocal parabola 
x
2
 = 4a2(y + a2) ( 3 . 2 . 4 ) 
1'he crack extending between (+ 2a§, 0) along L i n the 
z-plane i s mapped i n t o tv e Gr i f f i t h crack between po in t s 
(+ P) 0) in the £ -p lane . The s t r e s s e s ov , a~ and 
T--_ are given by equat ions (3 .1 .2) - (3 .1 .4) where h 
2 
and r i n t h i s case a r e given by 
and 
1/h2 = 4 [£2
 + (T) - a ) 2 ] 1 
[ C2 + (T) " a ) 2 j J 
(3 .2 .5) 
(3 .2 .6 ) 
The upper and lower segments of the crack L are 
assumed to be under t he ac t ion of i d e n t i c a l p re s su re 
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 r 2 
p ~ K 
0 
0 
= f ( C ) , (say) (T7=o, |Cl < 0) ( 3 . 2 . 7 ) 
, (7)=o, 1C| > p.) ( 3 . 2 . 8 ) 
, (7]=o, - «, < ^ < oo ) (3 .2 .9) 
Since the s t r e s s e s on the edges of the crack are 
symmetrical about £~axis , we may solve the problem for 
the upper h a l f - p l a n e 7) > 0 only. The t o t a l t h r u s t 
T on one edge of the crack i s given by 
T = / ft] d£ = P (3.2.10) 
-p • T)=o 
The p resc r ibed p ressure d i s t r i b u t i o n f (£) near the 
ve r t ex may be expressed i n the form [60] 
oo oo 
?(Z) - - / d a / f ( n ) cos(an) cos(aC) dn (3.2.11) 
* o o 
s ing ( 3 . 2 . 7 ) , equation ( 3 . 2 . U ) reduces to 
* ( 0 = § f *a f 5 ' |IL cos(an)cos(aO<3n (3.2.12) 
'" o o T 2 ? 
Jrom the known r e s u l t 
£ / (1-x^) cos(£x)d£ = 2 r(m+l)Cm f / 2 J ^ - ^ g (O 
0<x<l, m > - | (3 .2 .13) 
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We get on putting m = - /2 , 
oo 
• § / 1 c o s ( an ) a n = J „ ( a p ) ( 3 . 2 . 1 4 ) 
w h e r e J (x) i s t h e B e s s e l f u n c t i o n of f i r s t k i n d and 
cf o r d e r n . 
T h u s , e q u a t i o n ( 3 . 2 . 1 2 ) y i e l d s t o 
oo 
f ( 0 = ? / J 0 ( « P ) c o s ( c ( 0 d a ( 3 . 2 . 1 5 ) 
P o l l owing S e n [ 5 5 ] > we w r i t e 
°° mn 
O = / A(n) e c o s ( n ^ ) dn ( 3 . 2 . 1 6 ) 
o 
w h e r e A(n) i s an unknown f u n c t i o n of m and i s 
i n d e p e n d e n t of £ and 7). We a b t a i n f rom e q u a t i o n ( 3 . 1 . 4) , 
u s i n g ( 3 . 2 . 9 ) 
oo 
(G) = - 4 ( C 2 + a 2 ) / n A(n) ( n c o s n r + a s i n n r ) d n ( 3 . 2 . 1 7 ) 
77= o o 
We, following Sen [55] , consider the following function 
cf K 
oo 
P+iG = - 4 i / n A(n) ( f - i a ) ( C + i a ) 2 e i n^ dn (3.2.18) 
o 
which after separating the real and imaginary parts gives 
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p = 4 fn A ( n ) e ^ ( C c o s n ( - B s i n n r ) d n 
G = - 4 / n A(n) G ^ C B ? o s r ^ + C s i n n f ) dn 
o 
w h e r e B and C a r e g i v e n by 
( 3 . 2 . 1 9 ) 
( 8 . 2 . 2 0 ) 
B = C( C 2 - 2T)a - 37)2 + a 2 ) 
C = 2 £ 2 ( n+a)+(T] -a ) [ C 2 ~ ( n + a ) 2 ] 
( 3 . 2 . 2 1 ) 
I t i s e a s i l y s e e n t h a t e q u a t i o n ( 3 . 2 . 2 0 ) s a t i s f i e s ( 3 . 2 . 1 7 ) . 
Hence , t h e "boundary v a l u e of t h e f u n c t i o n P a t j) = 0 
i s g i v e n by ( 3 . 2 . 1 9 ) a s f o l l o w s : 
[ F ] = 4 ( f + a ^ J n A ( n ) ( a cosn£ - £ s i r i n g d n ( 3 . 2 . 2 2 ) 
H=o o 
S u b s t i t u t i n g t h e v a l u e of t h e f u n c t i o n F f rom ( 3 . 2 . 2 2 ) 
i n e q u a t i o n ( 3 . 1 . 3 ) , we g e t , u s i n g ( 3 . 2 . 7 ) and ( 3 . 2 . 1 5 ) , 
A(n) = f- Jp(na) ( 3 . 2 . 2 3 ) 
Hence, from (3.2.17) we ge t 
© = f- / °J 0 (np) e1^ cosn£ dn ( 3 . 2 . 2 4 ) 
Thus A(n) being- known, funct ion F and G- are known with 
the he lp of equation (3.2.19) and ( 3 . 2 . 2 0 ) . S t r e s s e s 
0% , or and t can be ca l cu l a t ed from equat ions (3 .1 .2) 
- ( 3 . 1 . 4 ) . However, along the r e a l s ax i s n = 0, we have 
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( cr ) = ( 0 - o- ) 
* T)=o '' n=o 
oo 
= I / J (n|3) cos n£ dn (3.2.25) 
71
 o 




 % = \% Y P 2 - c2 
. \Cl < P 
( 3 . 2 . 26 ) 
0 , \£l > P 
X
^ = 0 ( 3 . 2 . 2 ? ) 
The general expression for 0 = 0 (£, 7)) i s given 





 % = R e ^ / j c <"P) e ~ i l U d n ] 
o 
, 2P 1 
= Re r ~ — * — — : ] 
V p * - ^ 
or , 
-V4 
~ [ (p*- £*+ T)*) + 4K2 T)2 ] X G = .§£ r ^ 2 _ r 2 . ^ 2 N * . ^ 2 ^2 
-, - i p^ ~ S + T) ) 
X cos [ icos ] (3.2.28) 
r (p 2 - s2+ n2)2+ 45 V 
I t i s easily verified that equation (3.2.28) sat isf ies 
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the boundary value 
(O) = ( V - ° V = ~ • (3.2.29) 
The equations of tangent a t the ver tex and the d i r e c t r i x 
of the ' I p a r o b o l a given by equation (2) are y = - a 
p 
and y = - 2a . Var ia t ions of G with £ along these 
l i n e s ara r ep resen ted g raph ica l ly by curves C-, and G? 








Fig. 6 Var iar ion of O wi rh 5-
CHAPTER IV 
INTEGRAL TRANSFORM TECHNIQUE 
4 . 1 Small deformat ion of an i n i t i a L L y , s t r e s s e d body. 
I n t h i s s e c t i o n we d i s c u s s problems of i n i t i a l l y 
s t r e s s e d b o d i e s wi th t h e h e l p of F o u r i e r t r a n s f o r m . Such 
i n i t i a l s t r e s s e s may e x i s t i n t h e body by p r o c e s s of 
p r e p a r a t i o n , or by t h e a c t i o n of body f o r c e s . For example, 
i f a s h e e t of me ta l i s r o l l e d up i n t o a c y l i n d e r and 
"he edges welded t o g e t h e r , t h e body so formed i s i n a 
s t a t e of i n i t i a l s t r e s s and t h e u n s t r e s s e d s t a t e cannot 
be a t t a i n e d w i t h o u t c u t t i n g t h e c y l i n d e r open. These 
i n i t i a l s t r e s s e s may be assumed to cause f i n i t e de fo rma t ion . 
I f i n a d d i t i o n to t h i s , t h e body i s s u b j e c t e d to f u r t h e r 
smal l de fo rma t ion , t h e s t a t e of t h e body can be s t u d i e d 
as t h e s u p e r p o s i t i o n of t n e l a t t e r on t h e former [21] . 
Y»e assume t h a t t h e i s o t r o p i c , homogeneous and 
i n c o m p r e s s i b l e body B i s deformed i n t o t h e body B 
by un i form f i n i t e e x t e n s i o n s a long t h r e e p e r p e n d i c u l a r 
d i r e c t i o n s . The s t r a i n e d body 3 ' i s t hen o b t a i n e d from 
B by supe rpos ing a smal l d e f o r m a t i o n on i t . Three f i x e d 
m u t u a l l y p e r p e n d i c u l a r l i n e s i n t h e s t r a i n e d body B' 
a r e t a k e n as c o o r d i n a t e a x e s . 
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BasjLc jsjiuatiwis. 
We have adopted the fundamental equation of incremental 
deformation theory constructed "by Biot \_11] - [13] and 
Kurashige [_27 ] . In rectangular cartesian coordinates 
x- and time t, the equations of motion associated with 
incremental deformation theory of elasticity are 
5s. - dw., dw., dS.
 v d u . i.l
 0 ik c ,ik ik ,, .1 t A -\ -\\ 
—r—"4-S.,— + S. , v - e . , —T—— = P o ( .4 .1 .1 ) dx. jk dx. ik dx. jk dx.
 a^2 
J J J «i 
where, 
S. . - in i t ia l stress corresponding to ini t ia l f ini te 
deformation, 
u. - incremental infinitesmal displacements, 
e. . - incremental strains, 
w. . - incremental rotations, 
s-. - incremental stresses, 
p - density in a finite deformation, 
X. - extension ratios 
u - shear- modulus in an unstrained state. 
In equation (4.1.1) the usual convention for summation 
over repeated indices i s applied. The second, third 
and fourth terms of lef t hand side mean the effects of 
in i t i a l stress. The incremental strain-displacement 
relation can be written in the same form as in classical 
elasticity, because the incremental displacement i s 
infinitesmal. Thus we have, 
- 6 2 
-, 5u. 6u. 
e i j = 2 ( dx7 + dx. )» ( 4 . 1 . 2 ) 




( 4 . 1 . 3 ) 
The s t r e s s - s t r a i n r e l a t i o n s fo r i n i t i a l s t r e s s e s a r e 
g i v e n as 
S l l - S 2 2 = »*o< X l ' 4 ) 
S 22 " S 3 3 _ ^ o ( X2 " *3 ) 
S 3 3 " S l l ~ ^ o ( X 3 " X l ) J 
( 4 . 1 . 4 ) 
The t o t a l d i f f e r e n t i a t i o n of e q u a t i o n s ( 4 . 1 . 4 ) and 
c o n s i d e r a t i o n of i n c r e m e n t a l shea r de fo rma t ion g i v e s 
t h e f o l l o w i n g i n c r e m e n t a l s t r e s s - s t r a i n r e l a t i o n s : 
3 11~ s 2 2 ~ 2 t- lo^Xl e l l " X2 e22^ 
S 2 2 ~ S 3 3 ~ 2 ^c^2 e22~ ^3 e33^ > ( 4 . 1 . 5 ) 




12 = ^ o ( X L + X2^ e 1 2 
323 = ^ o ( X 2 + X3> e 2 3 
331 = ^ o ( X 3 + Xl> e 3 1 
( 4 . 1 . 6 ) 
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4.2 Opening of a crack of prescribed shape in_an_ini t ia l l^ 
stressed body.4" 
In th i s section the influences of an i n i t i a l f i n i t e 
deformation on the dis t r ibut ions of pressure necessary 
to produce a two-dimensional Grif f i t crack of prescribed 
shape in an i n f i n i t e incompressible body are considered. 
The i n i t a l f i n i t e deformation i s assumed to produce on^y 
a normal s t ress component which i s perpendicular to the 
crack plane y = 0 and uniform throughout the i n f i n i t e 
body. The crack i s assumed to be of length 2c, in an 
i n i t i a l l y deformed s t a t e , occupying \x\ < c in the 
plane y = 0. 
The only non-zero i n i t i a l s t r e s s component S i s 
given as 
syy = Ko( xy ' xx ) = ~ p ( s a y ) (4.2.1) 
Equilibrium conditions giving incremental s t resses are 
obtained from (4.1.1) as 
d s d s dw 
fix + dy + toyy dy ~ 
d s d s 
dx * dy yy 3x 
( 4 . 2 . 2 ) 
where w = wxy = | ( -Jf* - l£l ) (4.2.3) 
Contents of t h i s section has been accepted for 
presentat ion in National Symposium on Large Deformations 
to be held in December 1979, at I . I . I . Delhi. 
ihe s t r e s s - s t r a i n r e l a t i o n s reduce to 
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s ~ s 
X X 
s - s 
yy 
M xx + x v > e X X 
M Xx + ky ) eyy ) 
s . xy i*o< x x + x v ) e xy J 
( 4 . 2 . 4 ) 
where =
 2 ( s xx + syy ) (4 .2 .5) 
Let 0 = 0(x , y) be a funct ion of x and y , r e l a t e d to 
the incremental displacements u and u by 
x y 
u = x 
d 0 
u 
a 0 (4. 2. 6) 
Prom (4 .2 .6) we eas i ly see t h a t the condi t ion for 
incompr es s i b i l i t y 
e + e = 0 
xx yy 
( 4 . 2 . 7 ) 
i s s a t i s f i e d . In terms ^1 0, the incremental s t r e s s 





= s - \i 






a2 0 a2 0 






2 ) > 
( 4 . 2 . 8 ) 
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w h e r e j.i = u ( X + >. ) . E l i m i n a t i n g i n c r e m e n t a l 
"o x y ' 
s t r e s s e s and r o t a t i o n from e q u a t i o n s ( 4 . 2 . 2 ) and ( 4 . 2 . 8 ) , 
we g e t 
6 s . i ,
 u . . , a , *
B




 0 a2 0 
and, § | + i ( , + P) §--( _ + _ ) = o 
J
 d x dy 
( 4 . 2 . 9 ) 
E l i m i n a t i o n of s f rom e q u a t i o n s ( 4 . 2 . 9 ) shows t h a t 0 
S a t i s f i e s t h e e q u a t i o n 
d2
 p d2 d2 0 d 2 0 ( — - - + K * — » ) (
 p + s ) = 0 ( 4 . 2.1C) 
dy"" dx^ d x ^ ay 
2 ^ + P X x 
where K^ = = —f~ (4.2.11) 
For the body without i n i t i a l s t r e s s P = 0 and hence, 
such cases can be obtained from the d i scuss ion by making 
K — 1. We sha l l analyze the problem with the help of 
Fourier transform. Sneddon [60] has solved a s imi la r 
problem but for a n o n - i n l t i a l l y s t r e s s e d s o l i d . We take 
the Four ier transform 0 (£, y) and i t s inve r se transfoim 
0(x ,y) to be given by 
— CO 
0 = / 0 e i ? x dx, 
—CO 
( 4 . 2 . 1 £ , 
— CO — 
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Prom ( 4 . 2 . 1 2 ) we see t h a t 
9 0 - d20 
( ) = - ±r 0 , ( —g ) 
dx ax 
a ^ 
- C 2 0 
d 2 jZ5 d 0 d 0 
dy dy dy" dy" 
( 4 . 2 . 1 3 ) 
where bar on any f u n c t i o n i n d i c a t e s i t s F o u r i e r t r a n s f o r m . 
Taking t h e F o u r i e r t r ans fo rm of e q u a t i o n ( 4 . 2 . 1 0 ) and 
u s i n g ( 4 . 2 . 1 3 ) we g e t 
( ~ - o - K 2 K2)( H " C2) J* = 0 ( 4 . 2 . 1 4 ) 
dy" dy" 
The s o l u t i o n of ( 4 . 2 . 1 4 ) , w i th t h e c o n d i t i o n t h a t 0 
v a n i s h e s f o r l a r g e y , i s g iven by 
0 = A ( C ) e + B ( 0 e ( 4 . 2 . 1 5 ) 
where A(£) and B(£) a r e i n t e g r a l c o n s t a n t s and w i l l be 
o b t a i n e d from given boundary c o n d i t i o n s . Taking t h e 
t r a n s f o r m of t h e f i r s t e q u a t i o n of ( 4 . 2 . 9 ) and u s i n g 
( 4 . 2.15) we have 
-Kiely 
s = B ( 0 JXQ *~ K ( l - K " ) i C l C l e 
Thus t h e t r a n s f o r m s of i n c r e m e n t a l s t r e s s e s and 
d i s p l a c e m e n t s a r e g iven from ( 4 . 2 . 8 ) and ( 4 . 2 . 6 ) 
r e s p e c t i v e l y , a s 




s x y = 
and* 
= " H0*y [ A ( 0 ( l + K 2 ) e 1 0 y+2B(K)^e^{^ y ] i £ | £ | •) 
= ^oXy JA(0(1+K 2 ) e i ? : l y+2B(C)K ? K ' * ] i £ K | 
| f^(l+K2) [2A(Oe^y+B(5)(W2)?IQy]Cl 
( 4 . 2 . 1 7 ) 
u y = - [ A ( C ) e l « l y + B ( 0 ? l 5 l y ] ±K 
( 4 . 2 . 1 8 ) 
Boundary, c o n d i t i o n s . 
L e t p(x) be t h e p r e s s u r e on y = 0 f o r a c rack of 
p r e s c r i b e d shape g i v e n by u (x ,o ) = w(x) , | x | _< c . 
The boundary c o n d i t i o n s a r e l 
( i ) s (x ,0 ) = 0 f o r a l l x 
( i i ) s (x , 0) = - p ( x ) , f o r a l l x 
(iii) u (x , 0) = w ( x ) , | x \ < c 
( i v ) u (x , 0) = 0 , | x | > c 
( 4 . 2 . 1 9 ) 
S o l u t i o n of the problem. 
From the f i r s t boundary c o n d i t i o n we g e t 
2 A ( 0
 + (1 + K*) B ( 0 = 0 ( 4 . 2 . 2 0 ) 
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Again the second condition together with the second 
equation of (4.2.17) gives 
2 i p (0 
5(0 - r 5-ol o (4.2.21) 
Hence. 
1 + K2 i p(0 
MS) = [ s-p ] p (4.2.22) 
Prom the second equation of (4.2.18), taking the inverse 
transform, we have 
uy(x,y) =-^-_£°°iC [ A ( O e l 5 1 y + B ( 0 ? l 5 , y j e 1 ^ dC 
and. hence the third, boundary condition gives 
Zr, 






 d£ = G w ( x ) , \xl < c ( 4 . 2 . 2 3 ) 
-co £* 
2 n 4K-(1+K2)2 
where, u = n X |_ » J . 
•^ y i - K^ 
Ana the fourth boundary conditions gives 
P(0 -^: / -1^11 e"^* d£ = 0, ixl > c (4.2.24) 
jr 
If we assume w(x) to be an even function of x, i . e . , 
the displacement to be symmetrical about the y-axis, 
then the equation (4.2.23) and (4.2.24) become a pair of 
following dual integral equations I 
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p(0 
~ / cos ^ x d ( = G w(x ) , x < c ^ 
( 4 . 2 . 2 5 ) 
%
 r> jT 
00
 P(0 c o s £ x d£ = 0 , x > c . 
{ ~~r~ 
Fol lowing Sneddon [60 ] , we e a s i l y f i n d by i n v e r t i n g t h e 
p a i r of e q u a t i o n s ( 4 . 2 . 2 5 ) *. 
oo 
f G C / w(x) coeCx dx , x <: c 
P(5) - \ ° 
{ 0 , x > c 
_ c 
o r > p ( 0 = G £ / w(x) cos £x dx ( 4 . 2 . 2 6 ) 
o 
Knowing p ( 0 we f i n d t h e i n t e g r a l c o n s t a n t s A(£) and. 
3(C) from r e l a t i o n s ( 4 . 2 . 2 1 ) and ( 4 . 2 . 2 2 ) . Thus, knowing 
0 from e q u a t i o n ( 4 . 2 . 1 5 ) and h e n c e 0 by i n v e r t i n g i t , 
a l l t h e components of s t r e s s and d i s p l a c e m e n t can he 
found ou t and t h e problem i s comple te ly s o l v e d . 
P a r t i c u l a r C a s e s . 
C a s e - I . P a r a b o l i c Crack. 
L e t t h e shape of t h e crack be p a r a b o l i c and g i v e n by 
w(x) = G(l - x 2 / c 2) ( 4 . 2 . 2 7 ) 
where G i s a smal l p o s i t i v e number. Prom e q u a t i o n 
( 4 . 2 . 2 6 ) we g e t 
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2G€ s in c £ 
P ( 0 = ( cos c £ ) (4.2.28) 
c£ c£ 
Hence, r e l a t i o n s ( 4 . 2 . 2 1 ; and (4 .2 .22) take the forms 
2 ie( l+k 2 ) s in c £ , 
A(0 = p ~ ( cos c C ) / £ 
c ( l - K^) c£ 
(4.2.29) 
4iG s i n c £ ,, 
B(C) = — 27 ( cos c C ) / C 




 i t c ( l - K ^ ) o J * 
s in c £ 
*( cos c ( ) cos £x d£ 
c£ 
(4 .2 .30) 
I t i s cf i n t e r e s t to fln~ the incremental s t r e s s on 
y = 0. Thus, we have 
2 
s y y ( x , 0) = - 4 i " ° e \ [4K - (1 + K 2 ) 2 l x 
uc(l-K ) 
oo 
-- -, s i n c £ 
x J J=(
 c O S c £ ) c o s £X d£ (4.2.31) 
o ^ c£ 
I n t e g r a t i n g by p a r t s and then making the s u b s t i t u t i o n 
u = c£ , equation (4 .2 .31) reduces to 
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4 i* ev2 
Syy(*> 0) = - —T-jrl « - (1+ K2)2 ] 
x r 1 „,• „ . .„ . .„ xu 
xT 1 ~ $ / TT s i n u sin ~ d u ] (4.2.32) 
c
 Q u. c 
Making use of the following important result 
2 
P 1 1 -^
/ -(cos q x - cos p x)dx = -slog —s (4.2.33) 
o x q 
we get from equation (4.2.32), 
4 nneaJr P „ 
y y
 iic(l- K )^ 
*
( l
 " 2f"l0g T^l? » ° ^ c (4.2.34) 
The variation of p(x) -with
 n ~ ]_ 
[E = ( u ( l - K2)/(4 n0GX2) }{4K -(1 + K2)2 }] 
i s studied graphically in fig.7. Prom the shape of the 
curve we see that the force applied to the faces of the 
crack i s " compressive " in the body of the crack hut 
that near the tip of the crack the applied force becomes 
tensile. This was also shown by Sneddon [ 63 p80 ]for 
non-initially stressed body which can be obtained here 
by making K — 1. 
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Fig.7 Variation with x of applied force p l x ) 
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Case-II E l l i p t i c Crack. 
Let the e l l i p t i c shape of the crack be given by the 
equat ion 
w(x) = G (1 - x 2 / c 2 ) 2 , 0 < x < c (4 .2 .35) 
I'rom equation ( 4 . 2 . 2 6 ) , we have 
p(C) c
 XE X /2 
—— = 5 G / (1 - ^ ) cos ( x dx, 0 < x < c (4 .2 .36) 
^ o c 
Hv e know t h a t i f 
P m (1 - t^) , 0 < t < 1 
f ( t ) = f (4 .2 .3?) 
0 , t > 1 
where m > - / 2 , then the Fourier cosine transform of 
f ( t ) i s given by equation ( 3 . 2 . 1 3 ) . Taking t = x / c 
we ge t p ( 0 from equation (4.2.36) as 
<-> 
2 ^ 
P ( 0 ^ ^ ^ Q e ^ [ ^ " ( ^ y ] J 1 ( cC) (4 .2 .38) 
Then r e l a t i o n s (4.2.21) and (4.2.22) become 
A(O = - *f ( - i ^ ) - r Ji(<*> 
(4 .2 .39) 
3(0 = ^ -h J i ( c 5) 





2 o 2 
t-. jk . 
c 
yy " -<; 
*~ J L - ^ — " ^ i ? y - 2 K ^ K ^ y ] J 1 ( c O c o s r x d£ ( 4 . 2 . 4 0 ) 
Making u s e of t h e s t a n d a r d r e s u l t 
/ e ^ J 1 (cC)dC = ^ : ( 4 . 2 . 4 1 ) 
o -*• ° cV" 2 2 
" c +p 
e q u a t i o n ( 4 . 2 . 4 0 ) becomes 
2 H GX2 ( l + K 2 ) 2 -, )0 0 5yy =
 ;m^ [~2— {'" v ^ ( y CCS^ * x sin~)} 
1 % 0 
- 2K { l - ^ - ( y cos - g - + x s i n - g ) } ] ( 4 . 2 . 4 2 ) 
where Rcos/> = c 2 + K 2 y 2 - x 2 , R s i n 0 = 2K xy 
^osjfl = c 2 + y 2 - x 2 , R ^ s i n ^± = 2xy. 
Hormal S t r e s s on t h e Crack. 
On y = 0 , t h e i n c r e m e n t a l normal s t r e s s s i s 
g i v e n by 
s
 v = —£ 2_ [ 4K- (1 + K2) 1 , 0<x<c ( 4 . 2 . 4 5 ) 
y y
 c ( l - K 7 
Thus, we see t h a t t h e p r e s s u r e n e c e s s a r y to p roduce a 
G r i f f i t h c rack of e l l i p t i c shape i n an i n i t i a l l y s t r e s s e d 
s o l i d should b e un i fo rm. The c a s e of n o n - i n i t i a l l y 
s t r e s s e d s o l i d can e a s i l y be found by making K — 1 , and 
t h e r e s u l t so o b t a i n e d a g r e e s wi th t h a t o b t a i n e d by 
Sneddon [ 60 ] . 
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4. 3 A PAIR OF GfclFIIIII .CF AQES_ 1^ JJ^J3PIELSEJLOLU^ 
In t h i s sec t ion s n a i l deformation of an i n f i n i t e , 
i s o t r o p i c e l a s t i c body having a pa i r of two-dimensional 
G r i f f i t h cracks are cons'5 i e red . This mixed boundary 
value problem has been solved by reducing i t to t r i p l e 
i n t e g r a l equations and then solving by " f i n i t e H i l b e r t 
transform M technique. The cracks , which are assumed 
subjected to i n t e r n a l p res su re , occupy - b _< y < - a 
and a < ^ y _ < b on x = 0. The s t r e s s components 
<r_ > cr„ , X and displacements (u, v) vanish as 
x
 y x y 
"\f(x +y ) tends to i n f i n i t y . Other boundary condi t ions 
are given as 
<r (o, y) = - p(y) , (a < |y | < b) A 
x 
X x y ( 0 , y ) = 0 , ( - oo < y < oo) 
u(0 , y; = 0 , ( y < a, y > b) 
(4 .3 .1) ; 
For the sake of s imp l i c i t y p(y) i s assumed to be an 
even funct ion of y so t h a t t he re i s a symmetry about 
the plane y = 0. Following Sneddon [60 ] , components 
of s t r e s s and displacements for x ) 0 are given as 
fol lows '. 
Content of t h i s sec t ion has been accepted for p u b l i c a t i o n 
i n the B u l l e t i n of C a l c u t t a Mathematical Soc ie ty . 
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Fig.8 Geometry of the problem. 
-78 
The s o l u t i o n fo r the e q u a t i o n s ( 4 . 3 . 4 ) can be w r i t t e n , 
wi th t h e h e l p of [ 66 J, as 
b
 P P ( 0 = f g(*) s i n £ t a t ( 4 . 3 . 5 ) 
a 
where g ( t ) i s g iven by 
g(t2) . - & f \ (tg- a ^ t b g ^ A . 1 / B »w dy + 
S (
 ' - a [ ( b 2 - y 2 ) ( y 2 - a 2 ) ] y Z - t 2 ^ 
2b b b ( x 2 - a 2 ) ( b 2 - y 2 ) ^ 2 
^ ^ [ / ^ 2 2 W 2 2 N 1 X 
w l Y ( b 2 _ t 2 ) ( t 2 _ a 2 ) a a (b*-x fc) (y - a c ) 
y p(y) 
2 2 y - x 
dydx ( 4 . 3 . 6 ) 
where F = F( | , m) , (m = 1 - a 2 / b 2 ) i s t h e complete 
e l l i p t i c i n t e g r a l of t h e second k ind g i v e n by 
_ n/2
 P 1/p 
F( f , m) - / (1 - m s i n e) de ( 4 . 3 . 7 ) 
* o 
Thus, f o r a p r e s c r i b e d p r e s s u r e d i s t r i b u t i o n p ( y ) , 
p 
t h e f u n c t i o n g ( t ) can be found out from e q u a t i o n 
( 4 . 3 . 6 ) . This enab l e s t h e d e t e r m i n a t i o n of p(£) from 
e q u a t i o n ( 4 . 3 . 5 ) . Thus, a l l t h e s t r e s s and d i sp lacement 
components can be found o u t from e q u a t i o n ( 4 . 3 . 2 ) and 
( 4 . 3 . 3 ) and t h e problem i s comple te ly s o l v e d . 
Uniform P r e s s u r e D i s t r i b u t i o n . 
As an i l l u s t r a t i o n of t h e p r o c e d u r e , we t a k e t h e 




| / 5 ( O d + > x ) e - x cos £y d^  
71
 o 
o °° _ 
^
x 
£ / ? ( 5 ) ( 1 - C*)<^ cos ?y d£ 
t xy 
2.x 
71 / i p ( 0 R'* s i n sy ^ 





 ~ £ r ^ P ( O e ^ X [ 2 ( l - ^ ) + ? x ] i cos ?y d? 
= - £ L i t £ j . / p ( r ) e ^ x ( l - 2 ^ - r x ) i s i n £y d£ 
71Y 
o 
( 4 . 3 . 3 ) 
where p(C); an even func t ion of £, i s the Four ier 
Cosine transform of p(y) and T denotes the Young's 
modulus ( in t h i s sec t ion only) and ^ the Poisson r a t i o 
of the ma te r i a l of the medium. F ro™ the t h i r d equation 
of (4 ,5 .2) we see t h a t the second boundary condi t ion of 
' 15, 3,1) i s automat ica l ly s a t i s f i e d . Other two boundary 
condi t ions , with the help of equations (4 .3 .2) and 
(4.3.3) lead tc the t r i p l e i n t e g r a l equat ions '. 
o 
f T P(£) cos £y d? = 0, (0 < y < a) 
j p ( 0 cos £y dj = £ p ( y ) , ( a < y < b) 
o c 
\ (4 .3 .4) 
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The s o l u t i o n f o r t h e e q u a t i o n s ( 4 . 3 . 4 ) can be w r i t t e n , 
w i t h t h e h e l p of [ 66 ], a s 
b
 p 
P ( 0 = f &(*) s i n C t d t ( 4 . 3 . 5 ) 
a 
w h e r e g ( t ) i s g i v e n by 
g ( t3) = - 2 / (tS-aW-t*) ^ i^L dy + 
2b b b ( x 2 - a 2 ) ( b 2 - y 2 ) ^ 2 
•^  X t /x.2 _ 2 W .2 2N ] x 
TCiY(b2_t2} ( t 2 „ a 2 ) a a ( b * - x * ) ( y - a c ) 
y p ( y ) 
* 2 2~ d y d x ( 4 . 3 . 6 ) 
y - x 
w h e r e F = F( | , m) , (m = 1 - a 2 / b 2 ) i s t h e c o m p l e t e 
e l l i p t i c i n t e g r a l of t h e s e c o n d k i n d g i v e n by 
TT %Z2 P V o 
P( 5 , m) = / ( 1 - m s i n 9) ^ dG ( 4 . 3 . 7 ) 
* o 
T h u s , f o r a p r e s c r i b e d p r e s s u r e d i s t r i b u t i o n p ( y ) , 
p 
t h e f u n c t i o n g ( t ) can be f o u n d o u t f rom e q u a t i o n 
( 4 . 3 . 6 ) . T h i s e n a b l e s t h e d e t e r m i n a t i o n of p ( £ ) f rom 
e q u a t i o n ( 4 . 3 . 5 ) . T h u s , a l l t h e s t r e s s and d i s p l a c e m e n t 
c o m p o n e n t s c a n b e f o u n d o u t f rom e q u a t i o n ( 4 . 3 . 2 ) and 
( 4 . 3 . 3 ) and t h e p r o b l e m i s c o m p l e t e l y s o l v e d . 
U n i f o r m P r e s s u r e D i s t r i b u t i o n . 
As an i l l u s t r a t i o n of t h e p r o c e d u r e , we t a k e t h e 
s i m p l e c a s e of u n i f o r m p r e s s u r e d i s t r i b u t i o n . We a s s u m e , 
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P (y) = P (4 .3 .8) 
S u b s t i t u t i n g the value of f (y) from ( 4 . 3 . b) i n equation 
(4 .3 .6) and us in^ the r e s u l t of [66] 
b t d t 
a ,^2 2 (^ -y") lT( t 2 -a 2 ) (b 2 - t 2 ) 
-1/2 
1 [ ( a 2 - y 2 ) ( b 2 - y 2 ) ] , (0 < y < a) 
0 , (a < y < b) (4 .3 .9) 
." | [ ( y 2 - a 2 ) ( y 2 - b 2 ) ] V 2 , (b < y < «) 
we g e t 
o t 2 - b 2 ( E / F) 
6 ( t )
°
p
[ ( t ^ ) ( b ^ ) p (4-2-1C) 
where E = E( ^ , m) i s the complete e l l i p t i c i n t e g r a l 
of the f i r s t kind given by 
n/2
 P -1 /2 
S( | , m) = / (1 - m sin^e) d9 (4.3.11) 
For given values of a and b, we can d i r e c t l y f i nd the 
va lues of E and F from the table of e l l i p t i c i n t e g r a l s 
[ 1 ] and thus g ( t 2 ) i s known from equation ( 4 . 3 . 1 0 ) . 
Thus, p(£) and consequently a l l the s t r e s s and 
displacement components can be eas i ly ca l cu l a t ed . We, 
however, f i nd the s t r e s s components on the l i n e of the 
c racks , x = 0. 
-so 
S t r e s s e s ^ on th_e_j-ine ^qf j ; r a c k s . 
On s u b s t i t u t i n g t h e e x p r e s s i o n f o r p ( r ) from 
e q u a t i o n ( 4 . 3 . 5 ) i n t h e f i r s t and second e q u a t i o n s of 
( 4 . 3 . 2 ) we ge t 
2 ??..,^Zs <T ( 0 , y ) = cr y (o ,y) = - | / f &(*) s i n £ t cos y £ 
D i f f e r e n t i a t i n g t h e known i n t e g r a l [ 5 8 ] 
d t 
( 4 . 3 . 1 2 ) 
/ £• s i n r y S i n £ t d$= -glog | j r ^ 
w i t h r e s p e c t to y we have 
( 4 . 3 . 1 3 ) 
/ s i n £ t cos y£d£ = —s -s 
o t*5- y^ 
( 4 . 3 . 1 4 ) 
Thus, e q u a t i o n ( 4 . 3 . 1 2 ) r e d u c e s to 
c r ( 0 , y ) = CTy(0,y) = - f / 
g „b t g ( -T) 
2 2 
a t ^ - y^ 
d t ( 4 . 3 . 1 5 ) 
S u b s t i t u t i n g t h e e x p r e s s i o n f o r g ( t ) from ( 4 . 3 . 1 0 ) i n 
e q u a t i o n ( 4 . 3 . 1 2 ) and u s i n g r e s u l t s ( 4 . 3 . 9 ) , we have 
a f t e r some s i m p l i f i c a t i o n 
v 2 - b 2 ( L / F) 
' , (0<y<a) 
°"x(Q>y) _ <r-y(o,y) 
1+ 
^ ( b 2 - y 2 ) ( a 2 - y 2 ) 
1 , (*<y<b) 
I 1 -
y 2 - b 2 ( V ? ) 
T ( y 2 - b 2 ) ( y 2 - a 2 ) 
,(b<y<°°) 
( 4 . 3 . 1 6 ) 
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The shearing s t ress CC „(0, y) vanishes ident ica l ly 
xy 
S y ( 0 » y) = ° (4.3.17) 
The var ia t ions of normal s t r e s s 0~ (0, y) for 
different se ts of values of a and b are given in f ig . 9. 
A study of the graph shows that the nature of the normal 
s t r e s s in the two regions \y\ < a and \y\ > b are 
of opposite nature. Farther,, the normal s t r e s s at a 
point bisecting the l i n e joining the centres of the 
pair of cracks, each of uni t lnegth, decreases as the 
distance between the centres of the crack increases ; 
whereas i t increases as the length of each crack 
increases . 
Str_e_ss c o nc en tr a t i on f act or .s. 
The s t ress concentration factors at the t ips of the 
cracks are defined as follows '. 















y — • * 
Fig.9 Variation With y of normal stress ~*J~fQryl«-
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Hence, using forms (4.3.16) for -or„(0, y) , we get 
S a b2( E / F ) - a2 
P
 "" [ 2 a ( b 2 - aP) ] V 2 
(4.3.19) 
Sb
 = b 2 [ 1 - (E/E)j 
P
 [2b(b 2 - a2) j 1 / ^ 
In par t icu lar , the corresponding resu l t s for the 
single clack are obtained by putt ing a = 0 and noting 
that E( | , m) - °° as m - 1 and F( | , 1) = 1 . 
The r e s u l t s so obtained agree, apart from a t r i v i a l 
change of notation, with those obtained by Sneddon and 
E l l i o t [62 ] . 
CHAPTIE V 
PUINICH AND CLACK PE0J3LEMS 
I n t h i s chapte r - t h e t e c h n i q u e s d e v e l o p e d by G r e * n and 
Z e r n a [ 2 0 ] , and E n g l a n d and Green [ 1 5 ] h a v e b e e n e x t e n d e d 
t o s o l v e some t w o - d i m e n s i o n a l and a x i s y m m e t r i c t h r e e -
d i m e n s i o n a l p u n c h and c r a c k p r o b l e m s . The g e n e r a l t h e o r y 
h a s b e e n d e v e l o p e d by G r e e n and Z e r n a . I f L i s t h e 
s e c t i o n of t h e b o u n d a r y y = 0 of a t w o - d i m e n s i o n a l s e m i -
i n f i n i t e body wh ich i s p r e s s e d n o r m a l l y by a r i g i d p u n c h , 
t h e n t h e b o u n d a r y c o n d i t i o n s a r e I 
I* T, = 0 , e v e r y w h e r e on y = 0 
xy ' J 
G~r. - 0 , on y = 0 outside L 
uy = f(x) , on L 
If L denotes the length of the crack on y = 0, then 
we have either of the following sets of boundary conditions! 
0 , everywhere on y = 0 
0 , on y = 0 outside L 
f(x) , on L 
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III. z m ° > everywhere on y = 0 
u = 0 , on y = 0 outside L 
y 
<ry = - p(x) , on L 
where f (x) and p(x) sat isfy the H-condition on L. 
England and Green [15] have given ra ther a different 
method of solving some two-dimensional punch and crack 
problems. In section 5 .1 , the general theory developed 
"by England and Green has been employed to specif ic 
problem of a semi- inf ini te p la te punched by an i n f i n i t e 
row of parabolic blocks. In section 5.2, the above 
mentioned method has been extended to the case of a 
Gr i f f i th crack in an ' or tho t rop ic ' e l a s t i c medium. And 
l a s t l y in section 5.3, an axisymmetric punch problem has 
been solved by reducing i t to 'dual in tegra l equat ions ' . 
5 - 1 INDENTATION OF AN ELASTIC HALF-SPACE 3Y 
AN INFINITE ROW ..OF PARABOLIC PUNCHES. 
The semi- inf ini te p la te i s assumed to be homogeneous, 
i so t rop ic and occupying the space S (y > 0 ) . The punches 
are assumed to be i den t i ca l , equally spaced and acting on 
the boundary y = 0 of the half-space. Let the length 
of the region of contact of each punch with the half-space 
be 2a and the distance between the centres of two 
consecutive punches be d. 
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Basic Equations 
Let (x, y) be the r ec tangu la r c a r t e s i a n coordinates 
and z = x + i y , z = x- i y . The displacement component 
(u, v) and s t r e s s e s cr , a" and 71 are given "by 
x
 y xy 
equation ( 1 . 3 . 1 ) . I f we take f(z) = $(z) - z 0 ' ( z ) , then 
e q u a t i o n s ( l . 3.1) take the form 
[iD = | i ( u + i v ) = K 0 ( z ) - /$(z) + ( z - z) ^ ' ( z ) (5.1.1) 
V i r x y = 2 ^ ' < z ) + ^ ' ( z ) + ( z - 5) 0 " ( z ) ] , 
cr + i ^ x y = 2 [ / « ( z ) + 0 * ( z ) + ( z - z) 0 « U ) ] 
(5 .1 .2) 
//here 0(z) i s defined i n the ha l f - space S . We now 
define fi(z) for the ha l f - space S~ (y _< 0) by takir . 
so t h a t 
0(z) = - 0(z) 
0'(z)= - 0'(z) 
0( £ ) = - jZS(z) 
0'(5) = - / ' ( z ) 
( z i n S ) (5 .1 .3) 
(z i n S+) (5 .1 .4 ) 
Thus, equa t ion s (5 .1 .1 ) and (5 .1 .2) may now be wri t ten as 
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jiD = K j#(z) + 0 ( z ) + ( z - z) 0 ' ( z ) ( 5 . 1 . 5 ) 
( T - i l 2[ 0 ' (z) - 0 ' (£) + (z~ z) 0 " (z) J 
o~ + i "C xT ^xy = 2[ 0 ' ( z ) - 0 ' ( z " ) - ( i - z) 0 " ( z ) ] 
where K i s g i v e n by t h e r e l a t i o n ( 2 . 1 . 4 ) 
S o l u t i o n of t h e problem 
The "boundary c o n d i t i o n s a r e g i v e n as 
( 5 . 1 . 6 ) 
O* = 0, (y = 0, a _< \x~ndl < d- a) 
^xy = °» ( y = C' f o r ai:L x) 
v = a - |3x , (y = 0, \ x - nd I _< a ) 
( 5 . 1 . 7 ) 
( 5 . 1 . 8 ) 
( 5 . 1 . 9 ) 
where a > 0, » > 0 and n = 0, + 1, + 2 , . . . 
F u r t h e r , t h e s t r e s s e s and r o t a t i o n should v a n i s h f o r 
l a r g e v a l u e s of \y | . From e q u a t i o n s ( 4 . 1 . 5 ) and ( 4 . 1 . 6 ) 
we s e e t h a t on y = 0, 
u D = K ^ ( z ) + 0 ( i ) 
^ x
 = c r y = 2 [?'(*) - 0 * ( z ) j 
( 5 . 1 . 1 0 ) 
( 5 . 1 . 1 1 J 
z. 
xy o 
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The s t r e s s e s anddi sp lacements be ing p e r i o d i c f u n c t i o n s of 
x 'with p e r i o d d, v. e cons ider the fori;: of jb{z) g i v e n 
as f o l l o w s [ 15 ] . 
0(Z) = i Cos ^ f a 
P(T)) dT) 
0
 ^cos(2i tT) /d)- cos(2-n;z/d) 
A cos(Tcz/d) 
V cos(27ta/d) - cos(2t tz /d) 
+ 
( 5 . 1 . 1 2 ) 
where F(r]) i s a r e a l con t inuous f u n c t i o n and A i s a 
r e a l c o n s t a n t . Fo l lowing England and Green [ 1 5 ] , an 
a n a m i n a t i o n of t h e squa re r o o t s u g g e s t s t h a t i f 
LI = V"c°s(2jc7)/d) - ~ o s ( 2 7 i z / d ) = £ e i X ( 5 . 1 . 1 3 ) 
where £ cos2X = cos (27t7)/d) - cos (2-jtx/d) cosh ( 27ty/d) -, 
( 5 . 1 . 1 4 ) 
£ 2 s in2X = s i n ( 2 n x / d ) s i n h ( 2 n y / d ) 
we nave 
M = fcos(2-KT)7&) - cos(2-nx/d) , ( | > x > 7), y-+0) 
= - V cos (27117/d) -cos(2: rx /d) , ( | > | x | >77,x<O,y-±0) 
M 
M 
= i fcos (2%x/d) -cos(2TC71/d), ( \x\ < 7), y~ +0) 
= - i V"cos(2rcx/<l) -cos(2n7) /d) , ( | x j < 7), y - -0) 
( 5 . 1 . 1 5 ) 
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And finally 0'(z) = 0(1) for large \y\ . From 
equation (5.1.12), using equations (5.1.10), (5.1.11) and 
(5.1.15) we see that boundary conditions (5.1.7) and 
(5.1.8) are satisfied. Ihe third boundary condition 
(5.1.9) gives 
0(z) + jZJ(z) = (a - j3x )^ (5.1.16) 
K + l 




 ^cos(2%T]/d) -(cos(2wx/d) 
2 jj.px 
K+l 
, ( 0 < x < a) (5.1.17) 
Lrij.es i s an integral equation of Abel type and i t s solution 
i s given by 
8 UP d 7] x sin(icx/d) 
F(n) = - [ ] / —• dx (5.1.18) 
(K+l)d dr) o Tcos(27lx/d)-cos(27rr]/d) 
o r , 
( 2 f2 ) M- 6 
P(7)) = - tan (nn/d) (5.1.19) 
K + l 
The normal s tress under atypical punch i s given by 
? 2 
u p d Cos(n,x/d) + ( cos (nx/d) - cos (ua /d) } 
o-v =
 8 [ - J l o g p — + 
y
 TC(1+I0 cos(Tta/d) 
A c 0 S ( W d ) ] , (0< x < a) 
(cos(27tx/d)-cos(2-n;a/d) } 
( 5 . 1 . 2 0 ) 
S ince t h e p a r a b o l i c punch has no c o r n e r s a t t h e end p o i n t s 
of t h e r e g i o n of c o n t a c t , i t i s a ca se of incomple te 
p e n e t r a t i o n . Thus, f o r t h e normal s t r e s s to be 
f i n i t e a t x = + a, we must have 
A = 0 ( 5 . 1 . 2 1 ) 
Hence, t h e normal s t r e s s under a t y p i c a l punch i s g iven 
a s , 
n- _ ' r -i ; 71X / 2 TCX „ 2 TiaN i 
(T = [ log { cos —r + (cos -= cos -r-) } ~ 
y
 u(l+K) e d d a 
- l o g cos I p ] (0< x < a) ( 5 . 1 . 2 2 ) 
I f P i s t h e r e s u l t a n t t h r u s t on a punch, t h e l e n g t h of 
t h e r e g i o n of c o n t a c t 2a of each punch w i th t h e h a l f -
space i s g i v e n i n te rms of P by t h e r e l a t i o n 
a 
- / ( (T ) dx ( 5 . 1 . 2 3 ) 
- a 3f
 v _ 0 
c r , T U I + J J P = 8 upd2 l o g e sec (na /d) ( 5 . 1 . 2 4 
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The v a r i a t i o n of the normal s t r e s s under a t yp i ca l punch 
for four d i f f e r en t values of 2a/d has been represen ted 
g raph ica l ly i n f i g . 1 0 . I t can be seen from the curves 
t h a t even a s u b s t a n t i a l i nc rease i n the r a t i o 2a/d does 
not appreciably a f fec t the shape of the curve although 
the " minor axis " of the e l l i p s e i n c r e a s e s by near ly 
80 °/o as 2a/d increaad* from 0 to 0 .9 . 
The numerical va lues of the normal s t r e s s for 
d i f f e r en t values of the r a t i o 2a/d are given i n the 
fol lowing t a b l e '. 
Tabic 4 : Var ia t ion of tr / S on y = 0 fo r 
d i f f e ren t values of m( = 2a/d) where 
S = - 8j ipa/( l+K) 
N \ x/a 
0 . 0 
0 . 5 
0.7 1 
































Fig.10 Variations of normal stress under a punch. 
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The c a s e of i n d e n t a t i o n of a h a l f - s p a c e by a c i r c u l a r -
b l o c k of l a r g e r a d i u s or of a s i n g l e p a r a b o l i c punch c a n 
b e o b t a i n e d a s a s p e c i a l c a s e by l e t t i n g m t e n d t o z e r o . 
The n o r m a l s t r e s s u n d e r t n e punch i s f o u n d t o be g i v e n by 
8 jip 
( 0 , x) = i 2 _ 2 ( 5 . 1 . 2 5 ) 
y
 1 + K a x 




 OPENING OF A GRIFFITH CRACKIN AK ORTH^ TROPIC 
ELASTIC MEDIUM 
I n t h i s s e c t i o n , t h e m e t h o d of E n g l a n d and Green [15 ] , 
w h i c h i s f o r i s o t r o p i c b o d i e s , h a s b e e n e x t e n d e d t o s o l v e 
t h e p r o p l e m of a h o m o g e n e o u s , o r t h o t r o p i c e l a s t i c medium 
w i t h a G r i f f i t h c r a c k . The c r a c k i s a s sumed t o b e a l o n g 
x - a x i s and e x t e n d s f rom ( - a , 0) t o ( a , 0) i n t h e 
i n f i n i t e p l a t e ( x y - p l a n e ) wh ich i s s t r e s s f r e e a t 
i n f i n i t y . The b o u n d a r y of t h e c r a c k i s u n d e r t h e a c t i o n 
of t h e p r e s s u r e g i v e n by '. 
o r = - f ( x ) - g ( x ) , ( y=0 , - a < x < a) ( 5 . 2 . 1 ) 
I _ = 0 , (y=0 , f o r a l l x) ( 5 . 2 . 2 ) 
v = 0 , (y=0 , | x | > a) ( 5 . 2 . 3 ) 
where £(x) and g ( x ) a r e e v e n and odd f u n c t i o n s of x 
and s e c t i o n a l l y c o n t i n u o u s i n 0 < x < a. 
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Basic Lquations 
ite follow the no t a t i ons of G-reen and Zerna [20] . 
With z = x + i y , we takp z i = z + ^-,z , z ? = z + K g z 
where bar on a va r i ab le denotes i t s complex conjugate 
and t- , , "i p are the two roots of the c h a r a c t e r i s t i c 




~ 2 2 ^ " 4 S H ^ + 2(S11 + 2S1|) I 8 - 4S^+S 
(5.2.4) 
0 
such t h a t h | < 1, IT | < 1, and S l g , Sgg . . . e t c . , 
a re the constants cha rac t e r i s ing the e l a s t i c property of 
the m a t e r i a l . With these complex va rab les , the s t r e s s and 
displacement components i n terms of p o t e n t i a l funct ions 
JZL(Z-J) , fir-Xzr) can be expressed as [20 1 '. 
o~x + cry = 4 ^ ^ [ t .. J^'(z.j) + -r jTpTi") 1 ] (5.2.5 j = l , 2 
V^" 2i Lxy = V i , 2 [ ^ ^ ' ( Z D ) + ^ T O 3 (5*2'6) 
D = u+iv = 2 [ 6 j ! ( z . ) + h F l I T ] (5 .2 .7) 
wh er e 
Pj = " B ( s £ - 8 S\l fJ+ Sll f * ) (5.?. 9) 
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( j = 1,2) and complex p o t e n t i a l s fi.(z-) , ( j = 1, 2) , 
J J 
are r e l a t e d to A i r y ' s s t r e s s func t ion J- by the r e l a t i o n 
f = I [ ^ ( z . ) + WJ^T ] (5.2.10) 
We define the complex va r i ab l e s £.(;j = 1,2) by the af f ine 
J 
t r ansf ormati ons, 
K . = a (5 .2 .11) 
Thus, corresponding to each point (x, y) i n the h a l f -
plane y _> 0 of the z-plane we have one po in t i n each 
£. -plane (j = 1,2) . Moreover, s ince ("if.! < 1, we have 
I m C-j = (1 -K-5 f 3 ) / [ ( l + t j X l + f j ) ] (5.2.12) 
where I £ . i s the imaginary p a r t of £ . , so t h a t the 
po in t s which correspond to (x,y) always l i e i n the 
h a l f - p l a n e s given by ( 4 . 2 . 1 2 ) . Also, when y = 0, 
£-. = £ 0 = x, so t h a t the r e a l axes of z - , Cn - ' £ p ~ 
p lanes coincide and the coordina tes along these axes may 
be denoted by x. 
We put 
0^(z.) = f . ( r . ) , j = 1,2. (5 .2 .12) 
Thus, equa t ions(4 .2 .5 ) and (4 .2 .6) a re combined as 
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J j 
-md e q u a t i o n ( 4 . 2 . 7 ) becomes 
6 .f! (£ .) P . f ! (£ .) 
D = u + i v = Z [ - J - J J_
 + _ 2 — J 3 — j ( 5 . 2 . 1 5 ) 
j = l , 2 1+T . 1+f , 
We a g a i n make t h e f o l l o w i n g s u b s t i t u t i o n 
h ( 0 = 2 Z - J J ^ 
3 = 1 , 2 1+1. 
= 2 Z - J ( 5 . 2 . 1 6 ; 
3 = 1 ,2 1+Y^ 
so t h a t , 
2( Y - Y ) 
; L
— — f , ( 0 = ( l ~ K K ) h ( 0 , 
i+Y • d 
J 
( j , K = l , 2 , j ^ K) ( 5 . 2 . 1 7 ) 
Wi th t h e s e v a l u e s of f , ( £ ) , f 2 ( £ ) > e ^ a t i o n s ( 5 . 2 . 1 4 ) and 
( 5 . 2 . 1 5 ) t a k e t h e f o r m s 
% - I ^ = [ ^ 1 ( l ^ 2 ) h " ( C 1 ) ^ 2 ( l - Y 1 ) i i " ( C 2 ) ] / ( T 1 - Y 2 ) + 
+ [ ( 1 1 f 2 ) h " ( 5 1 ) - ( l - Y 1 ) h " ( 5 2 ) ] / (Tl-L-Kg) 
( 5 . 2 . 1 8 ) 
CriAPTJK I I I 
A DIRECT METHOD OP COMPLEX VARIABLE 
I n t h i s chap t e r t h e d i r e c t method developed by Sen [55 ] 
to s o l v e fundamental p l a n e problems i n e l a s t i c i t y h a s 
been employed to f i n d s t r e s s e s i n 
( i ) an i n f i n i t e p l a t e hav ing a h y p o t r o c h o i d a l h o l e 
under h y d r o s t a t i c p r e s s u r e , 
( i i ) an i n f i n i t e p l a t e w i t h a p a r a b o l i c c rack under 
p r e s c r i b e d p r e s s u r e . 
I n bo th t h e c a s e s t h e i n f i n i t e p l a t e i s assumed t o 
be t h i n , i s o t r o p i c and t h e s t r e s s and d i s p l a c e m e n t 
components a t g r e a t d i s t a n c e s from t h e boundary of t h e 
h o l e (or t h e crack) a r e assumed to be z e r o . 
3 .1 I n f i n i t e p l a t e h a v i n g a h y p o t r o c h o i d a l h o l e under 
un i fo rm pressure.*** 
The mapping f u n c t i o n i s 
z = R ( £ + c £ ) ( 3 , 1 . 1 ) 
where z = x+ iy , < T = e , R > 0 , c > 0 and m i s a 
p o s i t i v e i n t e g e r . The boundary 5 = 0 g i v e s a h y p o t r o -
c h o i d a l h o l e i n t h e z - p l a n e . I n absence of any body 
+
 The c o n t e n t of t h i s s e c t i o n h a s been p u b l i s h e d i n 
D e f . S c i . J . vo l 28(4) (1978) 179-182 . 
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f o r c e s , t h e mean, p l a n e s t r e s s components CTr , o~ and u* 
s a t i s f y i n g t h e e q u a t i o n s of e q u i l i b r i u m and c o m p a t i b i l i t y 
a r e g i v e n as f o l l o w s , by Sen \_55] *. 
Q<Tr 9 3 Q a 2 3 o 4 0 r a r 2 a  a r 2 d © 4  
£ = fe- | | _ + - _ + ] ? (3.1.2) h2 ~ w
 aT) as a c h2 
f S _ dr2 d 0 ar2 d G 4 0 , 
8
^ _ . a r f !£_ .a r f l^„ G ( 3 1 4 ) 
2 d7) d£ dC df] h 
-> d x
 p dy ^ p p p 
where ± s = ( ) *+ ( ) , r<= x*+yd, O = <r. + <r 
h^ dC 8£ * ' 
and P and G- a r e c o n j u g a t e harmonic f u n c t i o n s . The 
f u n c t i o n © i s a p l a n e harmonic f u n c t i o n s a t i s f y i n g t h e 
e q u a t i o n 
2 2 
s- + R - = 0 ( 3 . 1 . 5 ) 
ac ail 
E q u a t i o n s ( 3 . 1 . 2 ) - ( 3 . 1 . 4 ) can be r e w r i t t e n f o r 
conven ience i n u s e as under I 




h4 an dt)K h2 > 35 5 ^ h2 j + h4 
-fir a j 2 9 f l ^ _ d r f _ d , J L v i * J L . ( 3 i 6 ) 
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8 c r P
 % n - 2 a n 4G 
h 4 d£ *V h& 5T7 677^  - h 2 ^ fa4 
- o r i r 2 _.d_/_l A _ 8r f 3_v 1 r 0 X O / X \  OX" O f X \ J / - n r , \ 
L 3£ "df"^
 h 2 } ST? 1?)^"^2 } J ~^2 1 3 . ± . 0 
h 4 a?? a ^ ^ ^ as a i r ~ ^ + 
Boundary condi t i ons 
a- = - p , t = 0 at $ = 0 (3 .1 .9) 
Thus, we see t h a t s t r e s s e s cr o~l and ^
 ? _ can be 
expressed e x p l i c i t l y i n terms of func t ions F, G and O . 
We can choose a s u i t a b l e form fo r the harmonic func t ion 
G involving c e r t a i n constant c o e f f i c i e n t , and hence 
dot ermine an expression for G from ( 3 . 1 . 8 ) . The 
r e l a t i o n between two conjugate func t ions gives the 
express ion for F, and then, from f i r s t boundary condi t ion 
i n (3 .1 .9 ) the assumed constant i n O can be determined 
from ( 3 . 1 . 6 ) . Thus, F, G and G being completely known, 
s t r e s s e s can be found out . 
bo lu t ion of the problem. 
From the mapping func t ion ( 3 . 1 . 1 ) , we get 
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2D = [ 6-LOL - T 2 ) h , ( C 1 ) - 6 2 ( l " T l ) h ' ^ 2 > ] / ^ l " ^ 
+ [ PX(I- fg)"HTx?7r- f2( i - f1)^Trr2T ]/(tV ^ 
( 5 . 2 . 1 9 ) 
On t h e boundary y = 0 , we have £-, = £ g = £ = x, so 
t h a t e q u a t i o n s ( 5 . 2 . 1 8 ) and ( 5 . 2 . 1 9 ) become 
c r y - i " C x y = h " ( 0 + f c " ( 0 ( 5 . 2 . 2 0 ) 
6-,- 6 P + T ^ p - Y p ^ i D = — i £ -A_§ £ - i h ' ( r ) - t 
2 ( T 1 * T 2 ) 
p l " p 2 " P 1 * V p 2 » l 
+ _ i £ i_£ <~_i h i ( r ) ( 5 . 2 . 2 1 ) 
2 ( T ! - Y 2 ) 
For o r t h o t r o p i c m a t e r i a l s we have 
6 1 - e 2 + T 1 6 2 - Y g 6 1 = P l - P g - P l T > p ^ 
2 ( 1 1 ! - t 2 ) Z C f ^ f g ) 
.Also, 
S 1 1 
S = S_ =
 ~ZT~ [ 2" Y l ~ ^ 2" V f 2+ Y l V ~ l + f 2) + 
^ 1 1 2 
= S ( 5 . 2 . 2 2 ) 
+ Y l 1 1 2ft 1 + T 2^ " ^ 1* 2 T 1*" 2 ] ( 5 - 2 - 2 3 ) 
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Now, taking £ = x + in and using equation (5.2,20) we 
have from the boundary condi t ion ( 5 . 2 . 2 1 ) , (not ing 
K - K > n - 0, when y - 0) : 
°"y = h " ( 0 + h » * ( 0 a t n = 0 (5.2.24) 
D = S [ h » ( 0 + h '(C) ] (5.2.25) 
provided 7] h ' ' (£ j and 7) h7 ' ' (£) both tend to zero as 
7] — + 0. Thus, we see tha t on the boundary r) = 0, the 
problem i s ba s i ca l l y reduced to t ha t considered by England 
and Green [ 15 ] . The various q u a n t i t i e s on the boundary 
have been found to be some constant (due to o r t h o t r o p i c 
e l a s t i c constant) m u l t i p l e of those given by [ 15 ] . 
However, the e l a s t i c constant S w i l l be i m p l i c i t l y 
involved i n the expressions for s t r e s s e s and displacements 
a t any a r b i t r a r y point (x, y ) , which are of qu i t e 
d i f f e r e n t na ture as compared to those obtained by England 
and Green. 
We consider the funct ion 
a E(t) + £ G(t) 
h ' ( 0 = / — dt (5 .2 .26) 
o Y ^ 2 .
 t 2 
Adopting the ana lys i s given by England and Green, we f ind 
tha t func t ions F( t ) and G(t) are given by the i n t e g r a l 
equations '. 
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-, x F( t ) dt 
— / = - f ( x ) , (0 < x < a) (5.2.27) 
dx r -y 2_ ,2 ~ 
- . x x G(t) dt 
4 - S - / = - g(x) , (0 < x < a) (5 . 2. 28) 
dx c f"^2_
 t 2 
Solu t ions of the above i n t e g r a l equa t ion s are as 
fol lows ; 
+ n / 2 p( t ) = — / f ( t sine) dG (5 .2 .29 ; 
2% o 
G(t) = 1- / g ( t sine) sine de (5 . 2.3C) 
o 
Thus, f (x) and g(x) being given, i ' ( t) and G-(t) a re 
known from r e l a t i o n (5.2.29) and (5. 2. 30) and consequently 
h(£) can be found out by equation ( 5 . 2 . 2 6 ) . 
P a r t i c u l a r cases 
( i ) If the crack i s opened by a uniform p res su re of 
magnitude P, we have 
f (x) = P, g(x) = 0 (5.2 .51) 
The normal displacement of the crack surface i s 
g iven by 
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v(x , 0) a F( t ) + x G(t) 
= - J — -'•••• • — d t 
S |xt f
 t 2 _ x 2 
I Ts2- x 2 » ( ixl < a) (5.2.32) 
The change i n s t r a i n energy (W) due to crack i s given by 
a 
\v = 2 / p(x) v (x, 0) dx (5.2.33) 
o 
where p(x) i s the p ressure on the crack sur face . I n 
t h i s case p(x) = f (x) + g(x) = P, thus the change i n 
s t r a i n energy (W-,) i s given by 
W1 = u S P 2 a2 / 8 (5 .2 .34) 
( i i ) If the crack i s opened by uniform pressure P 
over one half 0 < x _< a and zero p ressure over 
the other one, we s h a l l have 
f(x) = P / 2 = g(x) (5 .2 .35) 
I n t h i s case, the normal displacement on the 
surface of the crack i s given by 
| § v(x,0) = TC f a 2 _ x 2 + 2x c o s h " 1 ( a / ^ | ) , 
( Ixl < a) ( 5 . 2 . 36 ) 
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Fig.11 Shape of the crack opened by uniform 
pressure P over one half and zero pressure 
on the other. 
- 1 0 2 
'Ihe v a r i a t i o n of the normal displacement v(x,0) 
i s given i n f i g . 11 . The change i n s t r a i n energy 
(Wg) ca l cu la t ed from r e l a t i o n (5.2.33) i s given 
by 




 &* AXESY3VMEIRIC PTOTGH PROBLEM 
I n p r o b l e m s r e l a t e d t o s y m m e t r i c d e f o r m a t i o n of an 
i n f i n i t e e l a s t i c s o l i d , we g e n e r a l l y e n c o u n t e r t h e p r o b l e m 
of d e t e r m i n i n g an a x L s y m m e t r i c p o t e n t i a l f u n c t i o n 
j#(P, z) wh ich i s h a r m o n i c i n t h e h a l f s p a c e z _> 0 and 
s a t i s f i e s t h e m i x e d b o u n d a r y c o n d i t i o n s '. 
p( p ,
 Z) = h ( p ) , (0 < P < 1) 
3 0 
3z 
(5 .3 .1) 
= f(P) , (z = 0, P > 1) j 
with appropr ia te condi t ion on h(p) and f(p) so t h a t 
t he s o l u t i o n of above equations i s va l i d . I n t h i s s ec t ion 
the problem i n which f (p) = 0 has been considered. vve 
gene ra l ly come across thjfg type of equations i n problems 
of penny-shaped" cracks i n c l a s s i c a l e l a s t i c i t y and i n 
those of e l e c t r i f i e d d i sc i n e l e c t r o s t a t i c s . We consider 
the small deformation of a s e m i - i n f i n i t e e l a s t i c medium 
z > 0, which i s pres&ed normally aga ins t the plane z = ' 
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by a perfectly r i g id solid of revolution whoso axis 
coincides with the z-axis. The radius of the circular 
region of the boundary z = 0 of the medium in contact 
with the punch has been taken as the un i t of length. 
Thus, the boundary conditions are '. 
w = h (p ) , ( « = 0 , 0 < P <, 1) | 
crz = 0 , ( z = 0 , P > 1) > ( 5 . 3 . 2 ) 
r z x = T y z = ° , (z = 0, 0 < P < co) J 
where w(z, P) i s the displacement along z~axis. 
The th i rd boundary condition of (5.3.2) i s sa t i s f i ed 
iden t i ca l ly , and the f i r s t and second boundary conditions 
lead to the following equations [20 ] 
$ = h(p) , (z=0, 0 < p < 1) 1 
f ( 5 . 3 . 3 ) 
d 0 
= 0 , (z = G, P > 1) J 
dz 
I t i s assumed that the function h(p) i s continuously 
different!able in (0, 1) and tha t 0 - 0 as f p 2 + z 2 -
Dual Integral Equations 
The in tegra l 
C O 
-1 ^ 0 ( P , z ) = f C V C O J n ( £ P ) e dC , (z > 0) ( 5 . 3 . 4 ) 
o 
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defines an axi symmetric funct ion which approaches to zero 
as f 2
 z 2 - C, provided t h a t the func t ion y ( 0 i s such 
t h a t the i n t e g r a l (5 .3 .4) and 
I S y C O J0(CP) e d£ (5 .3 .5) 
o c 
e x i s t for z _> 0 . I f we s u b s t i t u t e the form (5 .3 .4) for 
0 (p , z) i n boundary condi t ions (5 .3 .3) we f ind t ha t the 
equations are s a t i s f i e d provided the func t ion (£) 
s a t i s f i e s the dual i n t e g r a l equations : 
00
 -i 
S C y(S)J 0 (CP)c iS = H(P) , (0 < P < 1) 
o 
(5 .3 .6) 
/ t < 0 Jo(^p) d£ = ° > ( r > i ) 
The pa i r of equations (5.3 .6) i s a spec ia l case of 
the pa i r considered by Williams [75] , but he re tho 
so lu t i on has been obtained by an elementary method s imi lar 
to that used by Sneddon and Lowengrub 
Tc solve equation ( 5 . 3 . 6 ) , we suppose 
1 
t ( O = £ / Q(t) cos £ t dt (5 .3 .7 ) 
o 
where the function Q(t) i s such that the above integral 
e x i s t s . From the known resu l t [60 ] 
/ " s i n
 5 t J o (5P )ac = \ 1 / i r * 8 - P 8 • 0 < P < t 
\ o , f > t ( 5 - 3 - 8 N 
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i t can be eas i ly shown tha t the expression (5.3.7) for 
N" (£) s a t i s f i e s the second condi t ion of ( 5 . 3 . 6 ) . 
Equation ( 5 . 3 . 7 ) , a f te r evaluat ing the i n t e g r a l by 
p a r t s , we get 
1 
f(Z) = Q(l) s in £ - / Q1 ( t ) s i n £ t dt (5 .3 .9) 
o 
The f i r s t equation of ( 5 . 3 . 6 ) , with the he lp of 
(5 .3 .9) and the known r e s u l t [61 > p27 1 
, c , (0 < P < t 
/ cos £ t J0(CP) <H = \ (5.3.10) 
o 
I V ^p2- t2 , (P > t) 
gives 
S Q ( t ) ( p 2 - t 2 ) d t = h ( p ) , (0 < P < 1) (5.3.11) 
o 
The equation (5.3.11) i s an Abel type i n t e g r a l equation 
whose so lu t i on i s [61 , p4l ] , 
Q ( t ) = I ~lt •/" p h&)(*Z- p 8) * • (0 < t < 1) (5.3.12) 
r 
The so lu t i on of t h e problem i s , therefore, given by 
( 5 . 3 . 4 ) , (5 .3 .7) and ( 5 . 3 . 1 2 ) . 
Integral Representation of the Solution 
Making use of the forms (5 .3 .4) for J0(p, z) and the 




I Jn(CP) e ' X z d£ = ( p 2 + X2) , J e X > 0) (5 .3 .13) o 
o 
we ob ta in the so lu t i on as 
1 -1/2 
0(P, z) = i / [{ P 2 + (z + i t ) 2 } -V 
* o 
-V 
+ { P 2 + (z " it)*1} ] Q( t )d t (5.3.14) 
To show tha t (5.3.14) r e p r e s e n t s t he so lu t i on of the 
problem, fol lowing Green and Zerna [20] , we suppose 
Q(t) to be a r e a l continuously dif f e r e n t i a b l e func t ion 
i n (0, 1) for which the i n t e g r a l (5 .3 .7) converges. 
•STnee, the i n t e g r a l of (5.3.14) i s a continuous func t ion 
of p, z and t and conta ins continuous p a r t i a l 
d e r i v a t i v e s except i n the region z = 0, p < 1, we can 
d i f f e r e n t i a t e under the sign of i n t e g r a t i o n and verify 
t h a t 0(P, z) i s harmonic everywhere except i n the 
r eg ion z = 0, P < 1 . 




= ( p^ + u*0 (5.3.15) 
6u 
The equat ion (5.3.14) can now be w r i t t e n as 
0 ( p , z ) = - i - Q(1){ $> (p, z + i ) - $ (P, z - i ) } -
2i 
-, 1 
- -^- f { $ ( p , z + i t ) - $ ( p , z - i t ) } Q'(t)dt 
2L o 
(5 .3 .16) 
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Again the integrandoccuring in equation (5.3.16) being a 
continuous function of P, z and t, we can differentiate 
under the sign of integration to obtain 
M i o
 ? " /2 
= ^ = - Q ( l ) r { p ^ ( z + i ) ^ } 
a z 2± 
- { ?2 + U - i ) 2 } " / 2 ] - - l - / [ { p 2 + ( z + i t ) 2 } - 2 
2i o 
- { P 2 + ( z ~ i t ) 2 } 2 ] Q ' ( t ) d t 
( 5 . 3 . 1 7 ) 
U s i n g t h e m e t h o d employed by G r e e n and Z e r n a [ 2 0 ] , we 
c a n show t h a t TT| i s c o n t i n u o u s f o r n o r m a l a p p r o a c h t o 
t h e r e g i o n z = 0 , 0 < p a s z - + 0 . 
The s e c o n d b o u n d a r y c o n d i t i o n of ( 5 . 3 . 3 ) i s r e a d i l y 
s e e n t o b e s a t i s f i e d w i t h t h e h e l p of e q u a t i o n ( 5 . 3 . 1 7 ) , 
Thus ( 5 . 3 . 1 4 ) r e p r e s e n t s t h e s o l u t i o n of t h e p r o b l e m . 
The d i s t r i b u t i o n of n o r m a l s t r e s s i n t h e r e g i o n 
z = 0 , P < 1 i s g i v e n a s 
[i -. _ 1 t Q(t) dt 
i - ^ p ap P V"
 t
2
- P 2 
(5.3.18) 
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P a r t i c u l a r Cases 
Here we discuss some spec ia l problems which a r i s e so 
of ten i n phys ica l a p p l i c a t i o n s . 
Case? I,. we consider the case i n which h(p) = 1. 
Prom equation (5.3.12) we get 
Q(t) = y% (5.3.19) 
Equation ( 5 . 3 . 7 ) , t he re fo re , gi^vcs 
^ ( O = ( A ) sin £ (5 .3 .20) 
The solution (5.3.14) then reduces to 
,(P> Z) = -i-[ _____ (5.3.21) 
The normal s t r e s s i n the r e 6 i o n z = 0, p < 1 i s given 
from (5.3.18) as 
°"-(P» 0) 
2 H 
w( l -^ )V^ _ 2 
( 5. 3. 22) 
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Case I I 
Let h(p) = p . 
As b e f o r e , from e q u a t i o n ( 5 . 3 . 1 2 ) and ( 4 . 3 . 7 ) we g e t 
* ( t ) = t ( 5 . 5 . 2 3 ) 
r ( £ ) = (C s i n ^ +
 c 4 s £ - l ) / £ ( 5 . 5 . 2 4 ) 
The s o l u t i o n ( 5 . 3 . 1 4 ) t a k e s t h e form 
(z + i ) + V„2 / • v 2 
v
 P + z 
V\2 , . , 2 - if 2 2 , ( 5 . 3 . 2 5 ) 
v
 P + (z+i) v P +z J 
where Re d e n o t e s t h e r e a l p a r t . The e x p r e s s i o n f o r t h e normal 
s t r e s s i n t h e r e g i o n z = 0, p < 1 i s g i v e n by 
ix ^ 1+V", _
 0 2 1 - P*- 1 o r ( p , 0) = [ l o g — i * - ^ ] ( 5 . 3 . 2 6 ) 
Case I I I 
L e t h(p) = p 2 . 
E q u a t i o n ( 4 . 2 . 1 2 ) t hen g i v e s 
Q(t) = (4 / %)t2 (5 .3*27) 
From ( 5 . 3 . 7 ) we have 
fiK) = "^~2 ( C 2 s i n r + gr cos£ - 2 s i n r) ( 5 . 3 . 2 8 ) 
- 1 1 0 
The so lu t i on (5.3.14) reduces to 
j2S(p, z) = Re i / dt (5.3.29) 
U
 ° ^ P S + ( Z + i t ) 2 
The normal s t r e s s under the punch i s given by 
4 |i 1 - 2P2 
cr ( p , 0) = — •——- ( 5 . 3 . 3 0 ) 
Z
 . n(±-V ) VxTp'2 
Case IV 
Let h(p) = P2+ P + 1. 
I n t h i s case the r e s u l t s can be obtained by the 
superimposi t ion of the r e s u l t s obtained in cases I , 
I I and I I I . 
Va t i a t i«ns of the normal s t r e s s e s in various condi t ions 
are given i n f i g . 12 and f i g . 1 3 . 
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h(f) = f 
Fig.13 Distribution of normal stress 
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CONCLUSlOii AMD SCOPE i"'OK FuKTH£h I±MVEbi'IGATIOiM 
Though t h e p r o b l e m s d i s c u s s e d i n t h e t h e s i s a r e i n 
g e n e r a l t w o - d i m e n s i o n a l , b u t , t h e m e t h o d s c a n be e x t e n d e d 
t o t h r e e - d i m e n s i o n a l p r o b l e m s . 
F u r t h e r f o r c o n v e n i e n c e of s i m p l i f i c a t i o n s , t h e m a t e r i a l 
of t h e b o d i e s c o n s i d e r e d i s t a k e n t o be i s o t r o p i c . The 
i n v e s t i g a t i o n may b e e x t e n d e d t o t h e a e o l o t r o p i c b o d i e s . 
The complex v a r i a b l e t e c h n i q u e d i s c u s s e d i n C h a p t e r - I I 
i s q u i t e e f f e c t i v e and a good v a r i e t y of p r o b l e m s w i t h 
p l a t e s of d i f f e r e n t c u r v i l i n e a r b o u n d a r i e s and d i f f e r e n t 
c o n d i t i o n s of a p p l i e d l o a d s may b e c o n s i d e r e d . The e f f e c t s 
of i n i t i a l s t r e s s e s c a n f u r t h e r b e s t u d i e d i n d i f f e r e n t 
n a t u r e of t h e b o d i e s w i t h c r a c k s . O t h e r t r a n s f o r m s l i k e , 
H a n k e l t r a n s f o r m , M e l i n t r a n s f o r m e t c . , may b e e x e r c i s e d 
t o punch and c r a c k p x o b i e m s . B i o - e n g i n e e r i n g p r o b l e m s l i k e , 
i m p a c t of some s o l i d of r e v o l u t i o n on t h e s k i n membrane 
of human body and u l t i m a t e l y i t s r u p t u r e , may a l s o b e 
d i s c u s s e d w i t h t h e h e l p of t h e m e t h o d s d i s c u s s e d i n p u n c h 
and c r a c k p r o b l e m s . A p a p e r w i t h t h i s s u b j e c t i s under-
p r e p a r a t i on . 
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